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FEENE, HTtRoeG EIEBRSEEIENE
MO HDUREIR, Hu —E RS BEN XA
IR k , WITETC A (G, k, 1) -SDF.

WA 1 AHFE—A(G,k, 1) -SDFE, W 1
% H p| Gl=0(modk(k -1)).

S FIERE - LK B, 4 rB 77 B fek
XS R r K.

3118 1" M (v,kp) € {(56,8,4),(56,8,6),
(72,9,4)} B}, FHE—N(Z,,k, 1) -SDF

(Z,,.8,4)-SDF :

[0,0,2,9,19,32,36,50],
[0,0,3,9,14,34,44,52] ,
[0,1,5,11,12,28,40,41],
[0,2,7,21,32,40,53,55] .

(Z.,,8,6)-SDF :

2[0,1,5,11,12,30,44,52]
200,2,5,21,34,37,44,52]
[0,0,2,13,27,30,36,36],
[0,0,1,8,15,26,36,54] .

(Z,,,9,4)-SDF :

[0,0,2,12,28,36,45,59,67] ,
2[0,1,2,6,24,32,53,59,62]
[0,0,3,18,28,35,52,61,68] .

—AN(G, N, k,A) X 205 (DF), &H nh 1
#EN 1) g B #E (G, +) LY (g,n,k,A)-DF 248 G 1
k -JCFHEM) R 8% B =[B,, B, -, B.] (£ X 41),
fiifs:

A%:zUAB, :=O[x—y:x,yeB,.,x¢y]=

i=1 i=1

AG\N),
BY, G\N HHEAITCERELS HEAB PG T A
K, H N PEITETEAB PARBIL. 35 G RIEIHEE,
PR (g,n,k,A) -DF ZJEY.

2 REKRMAXER

L HEHHE, F, N aGHREE TR,
TLHE # g =1mode), Cy7 AL B e I
TA TR TR B E, A0, 4
Cot=af - Cot, Horlt =01 01, FRE €2
iz g ce, Cot e, Co1 e e orIRIZE. &
ART MEETE WF0<i<e-1, HEHEAH

[BIFEE C WL E 4 I AN TTE, MFR 4 X
SERREEN A RERR. A 4 1 -BEER, 4 BTN
B o B R TE R,

A0, GEIEEE d fim | &

O(d,m) = %(U+\/U2 +4d"'m )2 ,
[T ol LR RN
Hop: U ,,Z_:‘(h j(d D'(h-1).

EE1Y HHELE—A (G k up)-SDF, H
p=Ad WY 2 Sk {R%, FECR g=1(modd) H.
q>0(d.k=1) B ; B HEYU A hEFH, FHF
g=d+1(mod2d) H ¢>0(d.k-1) i, F1E—4
(GxF,,Gx {0},k,) -DF.

5132 f#E—1(Z,,,6,4)-SDF .

IERR  FTRE SDF A2=[4,,4,,4,,4,], H:

4, =10,0,1,7,15,20], 4, =[0,0,2,13,18,26],

4, = 4, =[0,1,3,6,10,22].

LG RH—HE, CRGXF NTHE Lsel;,
TESFFT C-A(Ls)} = 1{(x,y9): (x,y) € C}.

T2 YFEHg=5mod8) H ¢ >13 1, F#1E
—A(Zyy xF,,Zy, % {0},6,1) -DF.

iERR W51 2 H1, FE—1(Z,,,6,4) -SDF.
FIHEH 1 B3)FH g=5mod8) H ¢>0(4,5)=
7938048 1Y) DF. X4 ¢ =5(mod8) H.q < 0(4,5) i,
A EIE R, 1338 (2, F,,Z,, x {0},6,1) -DF
h1<i<I15Hfa, FPTATHE:

{(0,0),(0,4),(1,a,),(7,a3),(15,a,),

(20,a5)} - {(L,x)},

{(0,0),(0,a4),(2,a;),(13,a5),(18,ay),

(26"’10)} : {(1’x)}’
1(0,0),(,a,,),(3,a,,),(6,a;,),(10,a,,),
(22"’15)}'{(1’)’)}’
Horp xHGEC ;v BGE C

JEROSHR 1Y) 152 8 0T DA AL A5 B X e 40
2020 4F Chang ZU'MEEH 3 hEHB TR 9=
1(mod 6) B} (Zy, x F,,Z,, x {0},6,1)-DF, P& iHix B H
%% q #1(mod 6) BHAYTEIL. 4112413 < ¢ < 200 AFEL

q=29:(a,,--,a,5) =

(1,7,11,2,19,2,14,3,1,7,2,1,3,6,14) ;
q=53 H(a,a5)=
(1,10,11,2,17,2,20,5,22,21,2,1,20,19,35) ;
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PR, 4 SESEVRIILIERTA IR | FT4M ) RO IE SR 35

q =101 (e ,a5) =
(1,5,6,2,8,2,1,16,41,55,2,4,12,6,28);
q=149: (@, a;5)=
1,3,5,2,7,2,1,5,69,14,1,3,4,11,54) ;
q=173: (@, a5)=
1,3,10,2,12,2,1,10,25,43,1,3,4,6,23) ;
q=197: (@, a;5)=
(1,12,13,2,14,2,1,4,50,82,1,3,2,9,10) .
MF4H—A (Z,,xF,,,Z,, x {0},6,1)-DF [
FoRAREE L 2 BT %
B1 FHE—N(Z,xF,,Z, x{0},6,1)-DF .
ER MEEXANES C={C.C,.C,.C,},
HApBXHR Bk H 51 2 Wil (Z,,,6,4)-
SDF.
C, =1{(0,0),(0,1),(1,7),(7,11),(15,2),(20,19)},
C, =1{(0,0),(0,2),(2,14),(13,3),(18,1),(26,7)},
¢, ={(0,0),(1,2),(3,1),(6,3),(10,6),(22,14)},
C, =1{(0,0),(1,-2),(3,-1),(6,-3),(10,-6),

(22,-14)}.
S
A¢= | ({gtxD,),

Hop: D, =+{1,2}, D, ={6,7,%2}, D, ={12,14,%1},
D, =+{1,2}, D, ={22,24,%3}, D, ={17,27,%1}, D, =
{4,7,43}, D,={10,11,+5}, D, ={6,20,+14}, D,=
+{4,12}, D,, ={10,11,46}, D, ={17,18,+13}, D,, =
+{1,8}, D,={1,3,4,8}, D, ={13,24,%11}, D, ;=% {1,2},

HXF16<i <29, H D,=—D;, ;. HEEE -1e C;’Zg )

WFEEN g€ Z,,, B4 D, 5 F, H CH R4
B —AN 1B, W (C-{(1,s)) s e CP”,C e}
W —A (Zyy x Fyy, Ziyy x {0},6,1)-DF .

5|33 {FE—"1(Z,,,7,4)-SDF.

iEBR PRI SDF A X =[4,4,,4,,4,], H

4,=[0,0,2,14,21,31,36], 4,=[0,0,3,11,16,26,33],

A, = 4, =[0,1,2,5,25,29,35].

T3 YFEHg=5mod8) H ¢ >13 1, F1E
— (Z42 X Fq’Zu x{0},7,1)-DF .

iERA  His|3# 3, FE—1N(Z,,,7,4)-SDF,
M ER 1 13213 g =5(mod8) H. g > 0(4,6) =
205561856 I DF. *4 ¢ =5(mod8) H. ¢ < 0(4,6)
B, FH T EIERBROT (2,7F,,Z,%{0},

7,1)-DF H11<i <180} a, BUFTA1H:
{(0,0),(0,4a,),(2,a,),(14,a,),(21,a,),(31,a;),
(36,a0)}-{(1,x)},
{(0,0),(0,a,),(3,a,),(11,a,),(16,4,,),(26,4,,),
(33,a,,)}-{(Lx)},
{(0,0),(1,a,,),(2,4,,),(5,a,5),(25,a,,),(29,a,,),
(35,a0)}-{(1,))},
Hop: xHBGR ;v BGE 2

TR Y 32 4 T LR 5 A0 15 B1) X Se L4
B, %13 <q <200, Bt

q=29:(a,ay)=(1,7,11,2,15,18,2,17,9,

27,18,22,1,3,4,18,5,21) ;
q=37:(a,ay)=(1,11,12,2,3,20,2,15,4,
33,26,22,1,6,3,14,7,32) ;
q="53:(a,,ay)=(1,10,11,2,4,17,2,34,19,
28,26,35,1,3,2,14,22,20) ;
g=61:(a,,a,)=(1,7,8,2,3,14,2,14,
4,11,56,30,1,3,5,10,40,16) ;
qg=101:(a,,--,a,4)=(1,5,6,2,4,8,2,10,13,
92,18,41,1,3,2,16,51,46) ;
q=109:(a,, - a,)=(1,4,52,3,11,2,1,49,
30,34,82,1,11,3,4,53,58) ;
qg=149:(a,,--,a,4)=(1,3,5,2,4,7,2,1,70,
128,69,59,1,4,6,2,14,28) ;
q=157:(a,a)=(1,6,10,2,3,11,2,3,5,
96,49,146,1,3,9,11,24,31) ;
q=173:(a,, - a,)=(1,3,10,2,4,12,2,1,79,
118,32,147,1,4,6,2,69,40) ;
qg=181:(a,,--,a,4)=(1,4,5,2,3,7,2,1,83,
117,150,14,1,7,17,3,31,91) ;
q=197:(a, - ay)=(1,12,13,2,4,14,2,1,4,
154,1006,173,1,4,2,48,37,133) .

BIT 4" Wue {6167} B, fATE—A (Lo x
F,,Z., % {0}.8,1) -DF.

il 2" A (G AR —E R
#F). & (G.k,)-SDF | it E, & 3 MERT,
T, S, R EE—ANES B LLES ), e

(X TAERE 4eX, 4 W [x,6+x,x,,6 +
Xy s Xy O+ Xp 5], 1k A EEL [0, X, 6+, x,, 0+
Xyt s X O+ 1 Bk OB Hb: 6 & G
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B — X EEE, HAx.x, WXyl BEAEL B
WAL EE.

QX TR 4ex,, AA) PREANITCERE—
AR EEE.

G TAERE 4ex,, =, 4 WEHCREH
AA) AL E R EMAEE.

N s Fx 479 2 BSDF.

513 5 Hidrd 2 1, B2 (Z.,,8,8) -SDF
e AL AR R

%,: [[0,0,5,5,19,19,41,41],
[0,28,3,31,7,35,20,48]] .

%,: 2[[0,1,2,9,15,25,26,27],
[0,2,4,13,23,46,50,53],
[0,3,9,21,27,39,43,48]].

I 41 WRTELE R A 2 SRR —A

(G,k,)-SDF , WHELE—A™ (G xF,,G x{0},k,1)-DF,
HPEECR g =1(mod 1) H.g > O(u/ 2,k —1) .

EIES UEEF ¢g=1mod4) H ¢>04.7),
5, ¢=7(mod12) H ¢>0Q(6,7) B, £ 7E — 1
(Zs % Fq’Zsa x10},8,1)-DF .

ER Y4 ¢g=1(mod8) H ¢>0(4,7) i, Hi5l
M55 FAE—NEK 2 89 (Z,,8,8)-SDF . W HE
M 4 BEFFER DE. 24 ¢ =5(mod8) H. g >0(4,7)
B, 513 1R, FFE— (Zs,8,4)-SDF . W &
M1 BEPr#H DE. 24 ¢ =7(mod12) H.q > 0(6,7)
B, H5IE 1 0, FE—1(Z,8,6)-SDF . W HE
M 1 152 DR

EHE6 MFEH q=5modd) B, FIE—
(Z,, xF,,Z,,x{0},9,1)-DF, HHft > 0(4,8) 8% 37 <
q<9973.

R 4 FEE g =5(mod8) H g>0(4,8) i},
HEIE 1A, FE—1(Z,,,9,4)-SDF . W HEH 1
BEN—A(Z,,xF,,Z,,x{0},9,1)-DF. 4 ¢g=5(mod8)
H37<q<9973 1}, FIHITHEAHIEZ AT LIS 2]
T (Z,xF,,Z,,x{0},9,1)-DF H11<i<24 i} a, BT
Fid:

{(0,0),(0,4,),(2,a,),(12,a5),(28,a,),(36,a5),

(45,a5),(59,a,),(67,a5)} - {(L,x)} ;

{(0,0),(0,a,),(3,4,9),(18,4,,),(28,4,,),(35,a,),

(52,a,,),(61,a5),(68,a,,)} - {(1,x)} ;
1(0,0),(1,a;),(2,a5),(6,a,9),(24,ay,),(32,a,,),

(53,a,,),(59,a,),(62,a,,)} - {(Ly)},
Hop: xBGR ;v BGE 2
SRR 1Y 332 2 T LU A 3 Ab 75 31 X SE 4
B, 437 < g <100 B} a, F{EPTLIFE Wang %5
S 2.4 pRE], H1<i<24. 24100<g<200
I, B
q=101:(a, -, a,,) =
(1,5,6,2,4,12,42,71,2,84,19,14,41,87,
48,93,1,3,4,22,18,16,43,32),
q=109:(a, -, a,,) =
(1,4,5,2,3,11,91,46,2,101,66,95,28,38,
70,73,1,11,3,9,41,19,63,62),
q=149:(a,, --,a,,) =
1,3,5,2,4,7,14,103,2,116,59,110,15,10,
88,50,1,4,3,2,6,46,24,42),
q=157:(a, ,a,,) =
1,6,10,2,3,11,21,79,2,42,104,53,133,137,
12,3,1,3,5,57,25,11,156,62),
q=173:(a,,-,a,,) =
(1,3,10,2,4,12,14,22,2,25,43,146,147,
131,57,28,1,4,3,62,5,30,39,67),
q=181:(a;, -+ ay) =
(1,4,5,2,3,7,19,31,2,23,137,57,63,38,
170,76,1,7,2,20,13,42,33,92),
q=197:(a, ,a,,) =
(1,12,13,2,4,14,16,126,2,124,71,97,62,
68,25,126,1,4,5,48,8,20,117,58).

3 EEH (k(k-1)" Y k-ATSHEIEIT

FHXF 2 ] LU RIS i i, 4 K
IEEHINES . — A4 (GDD) K-GDD #&
=8 (X,G,A), R (1)g Z2ARE
X =R FRAH); 2) AR x PR/NIA K
BT S B IX L), #i15% x A2 -
FEBUEE N RAPREESE—NA,
HARERB O SERAMA . HGEH u, K
Ny g B, Hi<i<r, Wikg g, g M
GDD IZHAY. 4 K = {k} B}, faiic M k -GDD.

513 6

(1)4 u €{6,16,21,25,26,36,41,42,48,49,51,66,
71,76,78,81,84,85,86,90,91,96} U {g: ¢ =1(mod 6)
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PR, 4 SESEVRIILIERTA IR | FT4M ) RO IE SR 37

FHO Y, fEE— AN 30" (1) 6-GDD!.

()4 ue {7,8,9,15,17,28,33,36,41,49,50,56,57,
63,64,65,70,71,72,73,77,78,80,81,85,88.91,92,96,97,
99} i, FEAE—AN2HAI Ny 42" Hy 7-GDD!),

(3)%u e {8.,9,10,15,16,17,29,30,33,36,37,41,43,
44.49,50,51,53,54,55,57,58,63,64,65,71,72,73,74} U
[79,9910F, FFAE—A4HAY Ny 56" 1 8-GDD!',

(44 u e {9,10,17,19,49,54,55,57,58,64,65,66,
73,74,80,81,89,90,91 } B, fE7E—ANEHFEIA 727 1y 9-
GDD!",

3137 MFE ¢=5mod8) H ¢ > 130, F7E
—ANHEA 307 #6-GDD.

iERR HER 2 A, M FEE g=5@mods) H
q>138, FE—A(Zy, xF,,Zy, x{0},6,1) -DF. H
Z,, xF, Li% DF BEX AR AR 307 B 6-
GDD.

455518 6 h(HAIBIE 7, BEILIT 2.

FE 7 Mue{6,1621,2526,36,41,42,48.49,
51,66,71,76,78,81,84,85.86,90,91,96} U { q:¢>5,
q=1,5,7,13,19(mod24) & K i, fFE— A
k130" ) 6-GDD.

3138 M FEE ¢ =5mod8) H ¢ > 130, F7E
—ANHAIA427097-GDD.

iERR M@ 3 H0, M FEE g=5(mod8) H
g >130}, GHE—1(Z,, xF,,Z, x{0},7,1) -DF. H
Z, xF, Fi% DF HYFEXA A iR 427 /) 7-
GDD.

455518 6 b5 8, BEILIT 2.

FIE 8 Mue{7,8,9,1517,28,33,36,41,49,50,
56,57,63,64,65,70,71,72,73,77,78,80,81,85,88,91,92,
96,97,99} U {g:¢>13, q=5(mod8) FEH I}, 1F
TE—ANHEA 404 9 7-GDD.

51389 Y FH(g=1(mod4) H ¢>0(4,7), 5
q=7(mod12) H. ¢>0(6,7) i, FFE—NHE N
567(8-GDD.

IERR HEH 5 I, M FEE g=1(mod4) H
q>0(4,7), B g="7(mod12) H. ¢>0(6,7) i}, 17
FE—A (Zyg ¥ F,, Zyg x{0},8,1) -DF. i Z, xF, 1%
DF HYFEX 2] o] H: il 207 564 1 8-GDD.

FE9 Yue(8,9,10,15,16,17,29,30,33,36,37,
41,43,44,49,50,51,53,54,55,57,58,61,63,64,65,67,71,72,

73,741 U [79,99] U{g: ¢ >4848812032, g=1(mod4)
281 U {g:¢>1830677303808, ¢=7(mod12)
FHO B, EE— RN 56" 1) 8-GDD.

iEBE 5P 4 S0 YMuc{61,67) B, TFEAE—
N (Zy, xF,,Zs, x {0},8,1)-DF , i Z, xF, Fi% DF
B FE X 0] A 4 RS A 56t B9 8-GDD. 4
ue (61,67 B, K5I 6 H3)FI5(H o vLIAAE)H
R 56 ) 8-GDD, H 1 O(4,7) =4848812032,
006,7) = 1830677303808.

5IE10 4% g=5(mod8). 2 ¢>0(4,8) B,
37<q<9973B}, fFAE— LR 724 99-GDD.

iR ER 6 I, EZ,xE, LI (Z,x
F,,Z,, x {0},9,1)-DF [ FEX 20 0] DIA: il — 2R A
72¢ 19 9-GDD.

T 0(4,8) =107375099904 | & 453 6 h
(4FI5 3 10 BEILUT 3

FE 10 Yue{9,10,17,19,49,54,55,57,58,64,
65,66,73,74,80,81,89,90,91} U {¢:¢<[37,9973] U
[107375099904,+0), g = 5(mod 8) J&= 4 } B, FE1E
—ANH Ay 724 H) 9-GDD.

7
7

4 BRMHERD

FIHER 2.3.5 Fl 6 SRt mGIEAR S, —
AN R k1) (v, k,1) -JEIEAZ IS (00C) 248 Z, i —
Y Tt TR S, BORTERR
R 2 e RN, HZEATERNITEINEY
AEE, Rz, PA B B2 (1) T 3 )
EHRHERR. HERRNRKNNTHET
k(k=1), WFRIZIEIERTS AE i,

—AMEFF (gv, g,k,1)-DF W[ g B VER—A (g,
k,1)-00C, HHZEFRIANEH{0,v,2v, (g =Dv}.

FEN ()4 FH qg=5mod8) H g>13 i,
AN (k(k—1)q,k,1) -00C, HHke{6,7}.
(2)4 7% g=1(mod4) H.¢>0(4,7), B ¢=7(mod12)
Hq>0(6,7) b, FE— 8l (56¢.8,1)-00C. (3)
AEH g =5(modl), 4 ¢>0(4,8) B 37 < g <9973
i, EE— AR (72¢,9,1) -OOC.

iERR #FHk(k-DFgHZE, WZ,, \ <Z, [
T2y, BEH 2, 3. 5H1 6 FI, FAE—MER
(k(k —=1)q,k(k —1),k,1) -DF, H:" ke{6,7,8,9} . #k
FAE—A (k(k—1)q, k, 1) -O0C, H v 2ZF 4N



38 TR (BT 2021
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Strong difference families and their applications in relative difference families,
group divisible designs and optical orthogonal codes

YANG Kailu, WANG Xiaomiao’
(' School of Mathematics and Statistics, Ningbo University, Ningbo 315211, China )

Abstract: The concept of strong difference family plays an important role in constructions of other
combinatorial designs. In this paper, some new strong difference families in cyclic groups are presented. In
particular, strong difference families of type 2 are focused to help investigate the asymptotic existence results for
relative difference families. Through applying the cyclotomic conditions attached to strong difference families,
relative difference families are produced from both asymptotic existences and discrete examples. Based on the
computer search, direct construction is employed to obtain a relative difference family whose order is smaller
than the lower bound. As given in applications, the group divisible designs of type (k(k —1))" with block size k&
are discussed for k € {6,7,8,9} , and several classes of optimal optical orthogonal codes with weights 6, 7, 8 or 9
are derived.

Key words: strong difference family; relative difference family; cyclotomic class; group divisible design; optical
orthogonal code
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