26 2 ,2013 4
Vol.26 No.2, Apr. 2013

JOURNAL OF NINGBO UNIVERSITY ( NSEE )

Determinants and Inverses of r-circulant Matrices with Jacobsthal

and Jacobsthal-LLucas Numbers

YANG Jia, CEN Jian-miao’

( Faculty of Science, Ningbo University, Ningbo 315211, China )

Abstract: LetJ, =C,(J,,J,,

J)and ., =C,(j,, 1> "5 Joy) be r-circulant matrix of order n, where

J,,Jd,,+, J, are the Jacobsthal numbers and j,, j,,:*-, j,, are the Jacobsthal-Lucas numbers. We

obtained the values of the determinants of matrices J, and j, in terms of the Jacobsthal number and the

Jacobsthal-Lucas number. Moreover, the inverses of matrices ./, and j, are also derived.
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The nx n r-circulant matrices C, =[c;]e M, ,(C)
is defined as
Cii» i =1,
C; = o
rc, i j<i.

Apparently, the r-circulant matrices C, is
determined by parameter r and its first row elements
Cy>Cp»e "5 C

.. hence we donate C =C.(c,C, ,C, ).

Extraordinary, let r=1, the matrix C, is called a
circulant matrix.

The r-circulant matrices is widely applied in
various fields, such as in signal processing, image
processing, self-regress design, engineering calculation
and so on. Thus many scholars have researched it. In the
[1-2], the authors obtained a well known algorithms for
computing the determinant and inverse of nonsingular
circulant matrix C_ . The formulas are given as follows:

n-1
qu:IlmWU,Cﬁ:CAmA,WQAL
i=

where

n-1
b, =%Zg“(wj)w"’k<k=o,1,--~,n—1),
=
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g(x)=Zaixi :

and w=exp(2mi/n) is the root of X" =r.

The computational complexity of these algorithms
is not feasible when the order of matrix is getting large.
In recent years, it was appeared studies on the circulant
matrices with interesting number sequences. We
obtained more explicit forms of the determinants and
inverses of the corresponding C, . In [3] Shen give
formulas for the determinants and inverses of the
A =circ(F,F,,---,F,)) and B, =

L,). The Fibonacci sequence {F,} and Lucas

circulant matrix
(LI’LZ’...’
sequence {L } are defined by

F.,=F+F_, F=0F=1

La=L+L., L=2L=1

In [4], the determinants and inverses of J, =
circ(J,,J,,-++,J,)

obtained only in terms of the Jacobsthal and

and jn :Circ(jmjla".ajn—l) arc

Jacobthal-Lucas numbers, respectively. The Jacobsthal
{J,} and Jacobsthal-Lucas sequence {j,} are defined by
J,=J3,.,+23,,, J,=0,J, =1,
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b =Ja 2k =20 =1
Let « and S be the roots of the x*—x-2=0,
then the Binet formulas® of the sequences {J,} and

{],} have the form

_an_ﬁn_l n_/_1\"
J,= 3 —3[2 (=D"],

jh=a"+p"=2"+(-D"

The main content of this paper is promotion the
determinants and inverses of circulant matrices to
r-circulant matrices associated with the Jacobsthal and

Jacobsthal-Lucas numbers.

1 Determinant and inverse of r-
circulant matrix with the
Jacobsthal numbers

In this section, we give a determinant formula for
the r-circulant matrix J,=C (J,,J,,---,J,) firstly.
Then, we use the fact that the inverse of a nonsingular
r-circulant matrix is also r-circulant matrix, and
obtained the formula for the inverse of r-circulant
matrix J, .

Theorem1 Let n=>3.Then we have

n-1
detJ, =(1-rd,, )" +2r> 3, (2rd )"
k=1

(1-rJ, )", ey
where J is the nth Jacobsthal number.
So J, isnonsingular for all n=3.
Proof By direct computation det./, satisfied (1).

In the case n>3, let

P =
1 0 0 0 0 0]
-r 0 0 0 0 1
-2r 0 0 0 0 -1
0O 0 0 0 1 -1 =2
0O 0 0 1 0 0
0 1 -1
| 1 -1 -2 0 |
and
Q=

n-3

n-4

JZ

0 o0 0 0 O
0 0 0 0 0
0 o0 0 0 -1
0 o0 0 -1 0

0 -1 0 0 O

jO—lOn-OO

-1 0 0 - 0 O

Then we have the following relation:

1 0
0 2rd,
-1,
0 2rd,
1-rd,.,
0 2rd,
l_r‘]nJrl
( 21,
1-rd,,
2rd,
1-rd,.,
K 1
Sn = PHJHQI =
_J] g'n _Jn _Jn
2rd, ..,
2rd

-1

-1

n

s =y —J;

g, rd,-1-2rJ ,----2rJ, -2rJ;, -2rJ,

r‘]n+1_1

2rd, .,

2rd

n

which is a upper triangular, where

2rd,

n-1
9. =2
k=1

and

n-1

g, =1-r3,,,+2r>.J,

k=1

Then we obtained
detS, =detP, detJ, detQ, = g,(2rJ,)"7,

while

det P, = (—1)"hn-272

and detQ, =(

1-rd n+l

|

n—k-1
Jea| —— ,
k+1 [1_ r‘]nﬂj

n—k-1
2rd,
1-r] n+l .

n-2 (n-1)(n-2)
ZrJnj -y 2 .

n-2
We have detP,detQ, = (%) , thus
+1

detJ, =(1-1J, )" +

n-1
2ry"3,2r3 )" A=, )<
k=1

n

-1
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Lemmal Let the matrix A=[a; 2 -1 1s defined as

2rd,, i=],
i =1 =L J=i+l,
0, otherwise.
Then the inverse A™ =[a';]'}%, is equal to
_r] )
' % =i,
ay =4 (2rd)
0, otherwise.

Proof With the elementary row transformation,
—AN:l) into (1i(1-AN)™).
Then we obtained the inverse
(1=AN)Y "' = (I + AN + A*N? +---+ A"°N") |
where 1€C, |
is (n—2) order strictly upper triangular nilpotent matrix
0

we can take (|

is (n—2) order unite matrix and N

‘]n+1 N

N

So A:2rJn[I -
2r

we obtained

2
Al 1 |+ 1-rd N+ -l |
2rd, 2rd, 2rd,
n-3
N2+ + l_r‘]n+1 Nn—3
2rd, '
r ' 2 [
1 g'n 9 (‘]n_l)+‘]n ‘]n—l_&'r‘]nd
0 1 -1 2rd, ,
gn gn
0 0 1 0
Q.= 0 0 0 1
0 0 0 0
10 0 0 0

Theorem 2 Let n=3. The inverse of J, =
(31,03, is J;'=C.(m,,
Jo+2rd,

_2(r=-nrd J. -(1-2rd,)9,+J, —1
: 2r? J 29,

m,,---m,) , where

_(=nJ,+g,-1
Jngn

2

n-3
1-rd.,) N
@ri)m?
n-3 k-1
1-rd.,)
zrz‘]kﬂ (ZrJ 3k )

k=1

m, =i((1—~1 g
g

m _L ((l—Jn—gn)(rJM—1)—4r2Jan72)'
Yo, )"
n-4 k-1
(l—I‘JnH)?2 Z‘] (1- rJnH) ’
@2r3)" Py (2rd, )
_10-n,)"
i gn (2rJn)n—i+l
(1-3,—g )A+1)(r2"* -2) ~
(2I“Jn)2
zr[an_l+—J"Z(IJ_”"“)],nis odd,
r n

(1-J,-g)d-nNr2"-1)

(2rd,)’

1—
2]"(‘]”1 +M
rd,

j, nis even,

i=56,--,n,
and
et 2|’J n—k-1
g, = n+l+2rZJ ( ] ,
+1
Proof Let
29" 2¢' 1
3,-90 gy, 9, -0y,
2rd, 2rd,
gn gn
0 0
0
0 1 |

and G =diag(l,g,) is adiagonal matrix, where

&

n-1

= ZJkH
=1

2rd,
rJ

n+1

and
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—k-1
s 213, )

=1-r), ,+2r) J . .
gn n+1 ; k[l_r\]m]]

Then we have
PJQQ,=G®A,
where A is given in Lemma 1. Let Q, =Q,Q,, so that
1=Q,(G'@A )P,

Since the last row elements of the matrix Q, are

(O’Ll—\]n_l’Zran 2, 2rd, 2r32j’

B B >

gn gn gn gn ’ gn
and G™'=diag(l,g,"), using Lemma 1 the last row

elements of J,'=C (m,,m,,---m ) are given by the

following equations:

m :((l_r)‘] +gn_1)/‘]ngn’
gn[(l ) (2rJn)n—2 +

n-3 k-1
(1-13_.)
2ry g, el
; k+1 (2I’Jn)k J
1 [((I—Jn—gn)(rJn+2—1)—4r2Jan2)
m4:g_ .

(2rd ™2
(l_r‘Jn+1)n ! 24 r‘Jn+1)k !
(ZrJn)“’z = Qrd) )

m,=(1/g,)(1-1rd,,)"" /(2rd,)"*
(1-J,-g)+n(r-2""-2)
@2,y

2r[Jn1+—J”‘2(1;rJ”+‘)J,n is odd,

r

(I_Jn _gn)(l_r)(r'zn _1)_
(2I’Jn)2

2r[‘]”"+wj’n is even,
r n

_La=n, )
g, @)™
(-3, —g)d+r)(r-2"2-2)

(2rd,)
Zr(Jnl+Mj,i is odd,
rJ,
(1-J3,-9)A-n(r-2"-1)
(2rd,)
2r(Jnl+M}i is even,
r n

1 1
m, =— .
g, (2rd,)
(1-3,-g)d+n(r-2"-2)
(2rJn)2

2r(Jn_l+—J”2(lJ_r‘]””)J, n is odd,

r

(I_Jn _gn)(l_r)(r'zn_l)_
(ZI’JH)2

2r[Jn_l+—J”2(13rJ”“)], n is even,
r n

C2(r-Drd, J, +2rd,

nYn-1
=

—-(1-2rd,)9,+J, —1
2r? J 29,

Hence, the proof is completed.

2 Determinant and inverse of
r-circulant matrix with the
Jacobsthal-L ucas numbers

In this section, we give a determinant formula for

=C (o Jio
Then, we use the fact that the inverse of a nonsingular

the r-circulant matrix j, s Jny)  firstly.
r-circulant matrix is also r-circulant matrix, and
obtained the formula for the inverse of the r-circulant
matrix j,.

Theorem3 Let n=3.Then we have

detjn = (2 - rjn)n72(4 - rjn—l) +

P (2 - 00420, ) Q=1 '] @)
k=1

where j, is the nth Jacobsthal-Lucas number.
So j, isnonsingular forall n>1.
Proof By direct computation det 7, satisfied (2).

In the case n>3, let

1 0 0 0 0 0]
~1/2r 0 0 0 0 1
2r 0 0 0 0 1 -l
O |
0 0 1
1 -1
I 1 -1 2 0 l

and
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M, =
1 0 o o0 --- 0 0]
. n-2
(& 0 0 - 0 0 0
2-1rj,
1+2r )"
[¢ 0 0 0 1
2-1j,
1421, )"
(¢ 0 0 -~ 0 -1 0
2-1j,
12.r' ’
0 [“L—Jlj 0 0 -1 0 0
2-1j,
0 (&j 0 -1 0 0
2-1j,
0 1 -1 0 0 0
Then we have the following relation:
_jl yln _jn—l _jn—2
yn 1/2rjn—l - jO r(l/zjn—z -
1+2rj,, rj, —2
1+2r1j,

which is a upper triangular, where

—k-1
i [1+2rjn IJ

= 2rj,

and

:_(4 rJn 1)+ rZ(ZJkH Jk)(

Then we obtained

n—k-1
1+2r1j,,
- rJn .

detU, =detK, det j, detM, =2y, (1+2rj, )">.

(n-1)(n-2)

While detK, =(-1) 2 ,

. n-2 (n-1)(n-2)
and detM, = [%J -n 2z .
- rJn

. n-2
We have detK, detM, = (%) . Thus

2-1j,

n-2
det j, =(2=1j)" 7 (4=1j, )+ D (2], -
k=1

(1+2rj, )" "2 -rj)".

jk)'

Lemma2 Let the matrix B =[b; JI}?, is defined as

1+2rj,,, i=],
bu-z rj,—2, j=i+],
0, otherwise.

Then the inverse B™' =[b';]'}%, is equal to

i,j=
2-rj,)"
=J(1+2rj, )

0, otherwise.

i>i,

Theorem 4 Let n=>3. The inverse of j =

Cr(j()sjls"'sjn—]) is jr;l:Cr(ho’hl"”hnfl)’Where
1 (9rj,+(10-8rj, )y, - 18
2y, (1+2rj,,)’ ’
r | 4y,-9
hlz_ T - - |
2y, \1+2rj,
_j4 _j3 _j2 1
ST/ 2= §s) r(1/2j; =) r(1/2), - jy)
0
rj,—2
1+2rj, rj, -2
1+2r1j, |
1 . 2-rj)"’
hh=—| (4=r -2 —~— ns
=2y, (( b B,
T PNt Vi
= k+2 k+1 (1+2rjn,1)k ’

h3 = (1 / 2yn)[((4_ Jn—l _Zyn)(rjnﬂ _1) -

M@y = 3+ 200 ) e
4 . #
2r;(2jk+1 Jk)(l 2rjn ])k]

h=Q2~rj)""" /2y, (1+2rj, )"

Or+1)(r-2" —1)(d—rj, , —2y,)~rj,~ ) -
2r(2 jn_l - jn—z )(2 - rjn) n is odd
1+21j, ’ ’
or-n(A-r-2")4-rj_, -2y, -
2r(2 jnfl - jn—z )(2 B rjn) n is even
1+21j, ’ '
i=4,5,6,-,n—

and
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n—k-1
1 . | = . 1+2rj
yn=§(4_ rJn—1)+5rZ(2’Jk+l_ Jk)(¢]
k=1

elements of j.'=C,(h,,h,---,h ) is (h,h,,---,h .h).

2-1j, The proof is completed.
Proof Let
¥ 2y Yo - U2) =20 )L 12) e ()= )L +1/2j2_
yn 4yn 4yn
0 1 4_rjn—1 r(zjn—l — jnfz) I’(2j3 - Jz)
2y, 2y, 2y,
Mz = O 0 1 0 O s
0 0 0 1 0
0 0 0 0 0
K 0 0 0 1 |
and Y =diag(2,y,) is adiagonal matrix, where
Cow (1426, n-k-1 References:
Ya= kz_; K T > [1] Philip J D. Circulant matrices[M]. New York: Wiley Press,
i ’ 1979.

and

n-2 AU
=5 (4 )3T (2 - J)(%J ,
then we have
K,/ MM, =Y ® B,
where B is given in Lemma 2. Let M, = M M, , so that
=M Y T®@B K, .

Since the last row elements of the matrix M, are
[0 1 4_rjn—l 1 r(2 jn—l — jn—2) r(2 jn—z — jn—3) .

B > >

2y, 2y, 2y,
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and Y ' =diag(1/2,y,"), using Lemma 2 the last row
Jacobsthal Jacobsthal-Lucas r-
315211
Jn:Cr(Jsza"'»Jn) jn:Cr(jo»j]s"'»jn_l) r- 5 J[)‘]zs"'s ‘]n Jacobsthal )
Jo» Ji»orvs Jon  Jacobsthal-Lucas /A Jacobsthal Jacobsthal-Lucas
s Jn jn

ir- ; ;; Jacobsthal

; Jacobsthal-Lucas



