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Abstract: It is widely believed that all of the soliton solutions of the AKNS are completely described by the

double Wronskian solutions. In this paper, multi-soliton solutions can also be conveniently obtained using

the method of constraint. Besides each double Wronskian solution of the third-order AKNS is of invariant-

manifold constraint type will be proved.
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Many physically important integrable partial
differential equations belong to the AKNS hierarchy!' ",
The soliton solution of the AKNS hierarchy can be
obtained by the inverse scattering method"'*"*!. The
of the AKNS are still
revealing!. In this work we will confine ourselves to

the third-order AKNS

mathematical structures

(M

The reason is that the soliton solutions of the third-
order AKNS have been greatly simplified by the work of
Yin!"*! with the double Wronskian technique!'®'"),

The Lax pair of (1) is
HRER
?, . r n)\4 ’
i)

),

7' +2qr+qr,—rq, g’ =2q,71+q,~2¢°r \(4
A7 2, 2qr 47 =2qr-gr4rg, \b)

where is 7 the eigenvalue parameter. n-order to obtain
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the double Wronskian solution for the AKNS (1), Yin'"”
first introduced two sets of auxiliary functions ¢ and
g =—Apy. = Ay, )
b =3PV, =W s 3)
for the third-order AKNS, where A4 is an arbitrary
constant (n+m+2)(n+m+2) matrix,
$=bsbr i) s V=WV W) s
$=(0:00,02) s V=WV W)
They proved that the third-order AKNS (1) has the

following double Wronskian solution

_ 2Wn+2,m(¢;l//) e _2Wn,m+2 (¢’ l//)
Wn+l,m+1 (¢’ l//) Wn+l,m+l(¢; l//)
where W/ (g;w) is defined as
W (gy) =l 4,04,,0" Byw.0p, 0"yl (5)
for any non-negative integers j and 1. For [=-1, we

4)

will define
= ti=1F =1 $.0, 6,0 9. (©)
Because the symbol |-1;;—1| wilAl never appear
in this paper, the meaning of symbol | j—1| will never
be confused. Yin!" also showed that the double

Wronskian solutions (4) include the soliton solutions,
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rational solutions, Matveev solutions and complexitons.

The constraint method has a deep theory and also a
wide range of mathematical and physical significant
applications”?*?!!, Recently Li et al'***! have studied
the constraints of the AKNS hierarchy. Starting from a
special form of Lax pair of the AKNS hierarchy, they
succeed in constraining the hierarchy to a series of
univariate integrable hierarchies, which are all proven to
be linearizable. The constrained AKNS hierarchy is
completely solved. They first defined recursively p,
and 6, by

pPa=rp=Lp =9,

Pin /pk = (qr_(lnpk)xx)Pk /Pkfp @)
and

0(g)=g,

6,..(g) =(In(6,(g)8,(g)---6,(g)))..0:(g) - (®)

Then they proved the following theorem.

Theorem 1" The constraint LA'”q =0 is equivalent
to gr=(Inp,)., where L=(-0+qd™'r)/i, with the
constraint the n-th AKNS equation is equivalent to
ou, /ot=(-i)""u,",
defined by (7). Given u,, g and r are determined by
¢'=(-1""6,(u,) and r=(-1)"6,.
where 6 is defined by (8).

We call that the solutions obtained by Theorem 1

where u, =p, ,/p, and p is

\(u,) respectively,

are invariant-manifold constraint type. Of course,
Theorem 1 can be applied to the third-order AKNS (1).
Therefore, we have two sets of explicit solutions for the
third-order AKNS (1): One set is the double Wronskian
solutions (4); the other set is invariant-manifold
constraint type stated in Theorem 1. Then one natural
question is what the relation is between the two sets of
solutions. In this work, we will prove that each double
Wronskian solution of the third-order AKNS (1) is of
invariant-manifold constraint type.

The paper is organized as follows. Section 2 will
discuss the invariant-manifold constraint type solution
of the third-order AKNS (1) and give a unified general
formulafor multi-soliton solutions. Section 3 will set up
the relation between the double Wronskian solutions (4)

and the invariant-manifold constraint type solutions.

Section 4 will give some discussions.

1 The simplest multi-soliton solutions
of the third-order AKNS by
constraint

According to Theorem 1, we have ¢ =(-1)""-
6 (u,) and r=(-1)"6,,,(u,). When n=1, we may take

k .
u =1+e""" and @ =k . Then we can obtain
1 kIZequ
qg= , =
l+ea4t+k,x e wyt +ek,x

It is easy to check that the above solution is indeed

a solution of (1), which is a one-soliton solution.

When n=2, we may take u, =1+e""™" 4 " ™hr
and @ =k, i=1,2. Similarly, we can get
—(e ™ 4 g tthi g praatthary
q= klze—zazt+k,x +k2267a)1t+k2)( + e(k1+kz))((kl —k2)2 ’
o k12k22(k1 _ k2)26(k,+k2)x (9)

- kl efw_,Hklx +k22efw|t+k2x +e(k1x+kzx)(kl _kz) :
Also it is easy to check that the above solution is
indeed a solution of (1). Solution (9) is double-soliton

solution.

wit+hkx Wyt+kyx wit+kyx

When n=3, we take u,=1+e
and o =k’,i=1,23.

Similarly , we can get

q — ((kl _ kz)Ze(kﬁrkz)xf{%t + (kz _k3 )2 e(k2+k3)xf(qt) /qd n
((k3 _ k] )2e(k,+k3)x—wztkIZE—((azHoS)t-v-k,X) /qd +
(kzze—(m,+a}3)z+k2x +k3ze—(ml+m2)z+k3X) /qd’

r=—(k’k,’k; (k,— k) (k, —k,)* -
(k3 —kl)ze(kl+kz+k3)x) / rd. (10)

+e +e

It is easy to check that the above solution is indeed
a solution of (1). Solution (10) is three-soliton solution.

wyt+hk x wyt+kyx w,t+k,x

We can take u, =1+e +e +te
and @ =k’,i=12, ,n.

Although we did not give the exact proof, the
above results strongly suggest that ¢ and » have the
following expressions

< " k—k)x-ayt
g=(X T1 G -k)e="""") g+

i=1 1<j<k<n,jk#i

n n

2 ~Q o)k, g
Zk,. e = /q°,
i=1
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r= (1Y R ok T =k ™)/ (1) |M,a,d||M,b,c|. (20)
bei<j<n Lemma 2" Assume that is an P=(p,;) is

where ) . . o
S [x] operator matrix and its entrie p, ; are differential

d d i X . . . .
g'=r'= [] (k-k)e + operators. B=(b,;) is an [x/ function matrix with

1<i<j<n
n (ik,*k,)xfw,t
SCIT & T1 K=k e” ).
=l I<I<n]#  1<m<j<nm,j#

They are N-soliton solutions. The solutions (11)
have been verified for 7 <4 . The solutions (11) are the
most simplest multi-soliton solutions because u, =1+
le e m<n will result in 7=0.

2 Relation between the two types of
solutions

Theorem 2 The double Wronskian solution (4)

satisfies gr=(Inp,,,), ., where
D, = 2k1\/§cos(z+ (k_l)n)| n+l:;111—k | ,  (12)
! |mim|

and p, satisfies (7).

Theorem 2 means that each double Wronskian
solution of the third-order AKNS is of invariant-
manifold constraint type.

Before proving Theorem 2, we first introduce the

well-known bilinear form of (1)
M= 12 +gh=0, (13)
gf<f_<gf; _gXXX<f+3gXXf:\'_3ng:\'X+(gf‘XXX :O’ (14)

hzf - hfz - hxxxf + 3h,vva - 3hxfxx + hfxxx = 0 (15)
The solutions of (1) can be obtained by

g=g/f.r=nhlf. (16)
Yin'"*! proved that the bilinear form (13)~(15) has

the following double Wronskian solutions

f=wt N gy) = nsm]|, (17)
g=2W""(gw)=2|n+1;m—1|, (18)
h= 20" ()= 2| n—Lm+1]. (19)

Accordingly Equation (1) has solution (4). For
convenience, we cite the following two lemmas.
If Misan N x(N —2) matrix and a,
b, ¢, d are N-dimensional column vectors, then
IM,a,b||M,c,d |—|M,a,c||M,b,d |+

Lemma 1'%

column vector set b, and row vector set b/. (=1, 2, ,

I;j=1,2, ,l),then
bl/
! ! :' ’
zbl""apfbf,""b1|:zpibi > (21
i=1 i=1] .
b,.)'

where

pb, =(pby,pribys- -,p,,.bh.)T,

pj’bj’ = (lebjppjzbjza'"apjzbj/)T~

By Lemma 2, the following two identities can be
proved in [19]

A | il | =1,/ 4Lk, (22)

@A) | il =2 o+ sk 4] =1+

2k =2] =1+ k= Lk+1] jk -
2k k14| ik —Lk+2], 23)

where Aisa (j+k+2)x(j+k+2) constant matrix. If
k =—1, then Equation (22) and Equation (23) become

A | jl==1j= 1 +1], (24)

(@AY | s =2, j 41|+ =L j+2]. (@5)

In order to facilitate the writing process, we will
shortend |+ k;m—k|/dx as |n+km—k|. .

Proof of Theorem 2.

(D) py=r. py=1, and p =gq.

Substituting k=-1 to (12), we obtain p =
22 cos(n/4—m)[n=Lm+1|/|mm|=r . Similarly, for
k=0, p,=1 andfori=1, p,=gq.

(2) proving gr=(Inp, ). .

By (16), gr=(np,,,),. isequivalentto

gh! f*=(n|n+m+1|/f). . (26)
Equation (26) is equivalent to
gh/f2+1n(f)ﬁ:(1n|n+rAn+1|)n. 27)

By (13), the left side of (27) is 0. The right side of
(27) can be expanded as

(n|n+m+1)) =(n+m+1|_|n+m+1))/
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ntm+1f —|n+m+1)2 /| ntm+1F, (28)
but
\n+m+1]=ln+mn+m+2],
|n+/;1+l |XX=|n+1;1—l,n+m+l,n+m+2|+
|n-itm,n+m+3|.
By (24) and (25) with j=n+m+1, (28) is 0, i.e., the
right side of (27) is also 0.
B) P! pe=(gr=>np) )p./ -
Substituting (12) to Equation (7), using (13),
Equation (7) is equivalent to
\n+hsm—k| |n+ksm—k|~4|n+k+Lm—k-1|
In+k—lm—k+1=lnthkm—k|>.  (29)
Utilizing the character of determinant we have
Inthmek|=ln+k—Ln+k+Lm—k|+
ntkom—k—Lm—k+1], (30)
and
In+km—k|_=ln+k—-2n+kntk+lm—k|+
Itk —Ln+k+2mok|+|nthkm—k—2,
m—k,m—k+1]+|n+km—k—1,m—k+2 |+
2 n+k—Ln+k+lm—k—-Lm—k+1]. (31)
By Lemma 1, we have
Ik +Lm—k-1|n+k-lim—k+1]|, (32)
\n+kom—k|[n+k—Ln+k+lm—k-1,
m—k+1|=|n+hm—k—Lm—k+1]|-
|n+?c—1,n+k+l;m:k|.
Substituting (30)~(32) into (29) and simplifying,
we get (29) is equivalent to
(In +;c—2,n +k,n +k+1;mA—k [+ | n+12— L,n+k+2;
mok|+|ntkm—k—2,m—k,m—k+1|+
Intkom—k—Lm—k+2|=2|n+k—1Ln+
k+Lm—k—1m—k+1])|nskm—k|=
(|n+?c—1,n+k+l;mA—k|—
\n4kom—k—1Lm—k+1]7. (33)
By (22) and (23), we know that Equation (33) is
true. Therefore Equation (29) is true. So (7) must be
true.
Let us give an example to demonstrate Theorem 2.
Example 1 Let A=diagonal (0,1,-1,2,-2). Then
by (2) and (3), we can sets

1 2
e—x—4z ex+4t

¢ — ex+4t , l// _ e—x—4z
e—2x—32t e2x+32t
er+32t e—Zx—321

Suppose n=1 and m=2. Then by (12) we get

p_,=r=(6(-8cosh(8t+2x) +2cosh(64¢+4x)+3))/
(3cosh(8z+2x)+ cosh(72¢+ 6x) — 3cosh(64t+
4x)+9cosh(56¢ +2x)—10), p, =1,

P, = q = (9(cosh(8¢ + 2x) — cosh(64¢ + 4x))) /
(3cosh(8t+2x)+cosh(72¢+6x)— 3cosh(64¢+
4x)+9cosh(56¢t+2x)—10)+1,

P, = (48(—4cosh(8t + 2x) + cosh(64¢ +4x)) + 6)) /
(3cosh(8z+2x)+cosh(72¢ + 6x) —
3cosh(64t+4x)+9cosh(56¢+2x)—-10),

P, =18432/(3cosh(8¢ +2x) + cosh(72t +
6x)—3cosh(647+4x)+
9cosh(56¢+2x)—-10).

It can be checked directly that gr=(lnp,)  and

P.-Dy> D> P, andthat p, satisfy Equation (7).

3 Summary and discussion

In this work, we have studied two types of
solutions for the third-order AKNS equation. One type
is the double Wronskian solution and the other is the
invariant-manifold constraint type. We have discovered
the neat determinant expressions or the p, , which are
the crucia lintermediatevariables for theinvariant-
manifold constraint type solutions for the AKNS
hierarchy, for the double Wronskian solutions. We have
proved gr=(Ilnp,,,) for the (n+m+2)x(n+m+2)
double Wronskian solutions. This means that each
double third-order AKNS

equation is of invariant-manifold constraint type.

Wronskian solutionfor

Whether the two types of solutions is essentially

equivalent? The question should be studied further.
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