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Abstract: Based on the fact that the double Wronskian technique gives double Wronskian solutions of the

second AKNS equation, and the restriction technique can be all soliton solution of the AKNS hierarchy of

equations, the double Wronskian determinant sequence can be used to identify the link between these two

types of solutions. The theorem proves that it meets constraint sequence by restriction technique, and the

double Wronskian solution meets the corresponding sequence of the double Wronskian determinant.
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Various methods have been developed to search for
multi-soliton solutions to Lax integrable systems. Each
method has its physical background and benefits.
Among them, many people have committed to the study

of constraint methods'™). Tt had observed that reflec-

tion-less potential is some function of the eigenfunctions.

With the observation, Cao!'! suggested the method of
nonlinerization of Lax pair. Then Li* observed that the
constraint between the potential and the eigenfunctions
may also be regarded as symmetry constraint, and today
the method of symmetry constraint method has become
a powerful tool for analyzing the solutions of integrable
systems.

Many physically important integrable partial
differential equations belong to the AKNS hierarchy
The soliton solution of the AKNS hierarchy can be
obtained by the inverse scattering method!'". The

mathematical structures of the AKNS is still revealing '),

[16]

Recently, Li* ™ study the constraint of Lax integra-

ble systems and he has discovered some interesting
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things and his constraint may be or not be the symmetry
constraint. They found the AKNS hierarchy can be
constrained to a series of univariate integrable hierar-
chies and the key lied in finding a special form of Lax
pair for the AKNS hierarchy. It proved that under the
constraints all equations of AKNS hierarchy are
linearizable. We can easily get the soliton solutions of
the AKNS equation by it.

The other method is the Wronskian technique!'”"*!.
Satsuma first cited that soliton solution can be expressed
as Wronskian determinant form in 1979. However, he
did not put this solution linked with the bilinear form of

U7 proposed

the soliton equations. Until 1983, Freeman
and built up this method. The determinant of Wronskian
entries @ 1is the key to constructing Wronskian
solutions.

Recently, Chen!"®! has got the Wronskian solutions
of AKNS equation through the double Wronskian
technique. It can be verified by the direct substitution

into the solitons equation in the bilinear form.
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As known to all, through a variety of different
methods people can get different form of solutions. To
some extent, these solutions may have a profound
connection. In this paper, we will consider the relation
between the form of soltion solution by constraint
technique and the form of double Wronskian solution by

double Wronskian technique of AKNS equation.

1 Double Wronskian solution of the
AKNS equation

In this work, we will confine ourselves to the

standard second-order is ospectral AKNS equation'”’:

q 1 0y + 2q2r
( ) B _( ? . (1)
r). 1\ r,—2qr
The reason is that the soliton solutions of the
standard AKNS have been greatly simplified by the work

of Chen " with the double Wronskian technique.
The Lax pair of Eq. (1) is

¢1 _ A q ¢1

g) \r il\g)

ﬂ] _(=2n* +ar 2a7° -q, [¢1
¢ ) L 2rp+r, 297 —ar \4,)

where 77 is the eigenvalue parameter and n-order to
obtain the double Wronskian solution for the AKNS (1),

Chen"¥ first introduced two sets of auxiliary functions

¢ and y as:
¢X = _A¢’l//x = Al//:v (2)
¢[ = 2|¢xx:‘//t = _2i(//xx’ 3)

where A is an arbitrary constant (N+m+2)(n+m+2)
matrix, arbitrary real matrix independen of X and t,
P= (¢1’¢2""9¢n+m+2)T’l/l = (l//l’l//27""l//n+m+2)T'
They firstly proved that Eq. (1) has the following
double Wronskian solution:
_ W (Gy) | 2WT ()
W n+1,m+1 (¢; ‘//) W n+1,m+1 (¢; ‘//)
where W' (4;y) is defined as:
W (gy) =] 4.08,-,0" iy, 0p..0 "yl (5)
and j,| are any two positive integers. When j or | is

q “)

equal to non-positive integer, then semicolon on the left

part or right part does not exist, such as 1=0, | j—1;

I-1]=]j-1].

2 The soliton solution of the AKNS
by constraint

Definition 1" Function p, is completely deter-

mined by k:
P, =r,p =1, p=4q,
Pt _ (gr—(in p,),) 2. ©)
k k-1

Definition 2 ! Function 6,(g) is determined by
both k and ¢:
Hl(g) = g$0k+](g) =

(In(6,(9)6,(9)+-6,(9)),, 6, (9) - (7
Theorem 1 The constraint L"q=0 is equiva-

where L =(-0+2'r)/i, with
the constraint the n-th AKNS equation is equivalent

lent to gr=(Inp,,),.
to ou,, /ot=(-)"u, ™, where u,=p,,/p, and p
is defined by Eq. (6). Given u,,, g and r are deter-
mined by q”' =(-1)""6,(u,) and r=(-1)",  (u,)
respectively, where 6 is defined by Eq. (7).

According to the theorem 1, we can get the soliton

solutions of second-order isospectral AKNS equation.

3 The relation between the two types
of solution

Theorem 2 The double Wronskian solution Eq.
(4) satisfies gr =(In p,,,, ), , where

pk:Zkzﬁcos(z+<k—1)n]|n+|f;rp—k|’ ®
! msm|

and p, satisfies Eq. (6).

Theorem 2 means that each double Wronskian
solution of the two-order AKNS is of invariant-manifold
constraint type.

Before proving Theorem 2, we first introduce the

well-known bilinear form of Eq. (1),

ffxx - fxz +gh =0, (9)
g, f-gof, -9, f-29,f, +0f,=0, (10)
hf-hf—h, f+2hf —hf, =0. (11)

The solutions of (1) can be obtained by
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g h
AP 12
P . (12)

Chen® proved that the bilinear form Eq. (13), Eq.
(14) and Eq. (15) has the following double Wronskian

solutions:

q:

f =W gy = mm], (13)
9= 20" () =2 n+ m—1], (14)
h=—2W"™2(gy)=—2|n-l;m+1]. (15)

Accordingly Eq. (1) has solution Eq. (4). For
convenience, we cite the following two lemmas.
Lemma 1"1f M
a, b, ¢, d are N-dimensional column vectors, then
[M,a,b||M,c,d|—|M,a,c||M,b,d |+
|[M,a,d||M,b,c]|. (16)
Lemma 2" Assume P=(p,;) is IxI operator

isan N x(N-2) matrix and

matrix and its entrie p,; are differential operators.
B=(b;) is an Ix| function matrix with column
vector set b, and row vector set b, (i=1,2,---,1;]=
L2,---,1), then

b pb, b =Y |pib]. a7

X

where
pibi :(p]iblU pzibziﬂ"'ﬂ plibli)T7
Pib; = (Pybjs Piabyss s Py
By Lemma 2, the following two identities can be

proved *:
trA] il =] j =L+ Lk, (18)
(ArA? |31 -2 g sk [+ -1 j+ 25k -
2oL k=LK1 +] k=2, k+1]+
isk—Lk+2], (19)

where Aisa (j+k+2)x(j+k+2) constant matrix. If
k =—1, then Equ. (18) and Equ. (19) become

rAljl==1i-1j+1], (20)
WA [ =1 =20 j+1+[j-Lj+2]. (D)

In order to facilitate the writing process, we will

shorten d|n+k;m—k|/dx as |n+k;m—k|,.

Proof of Theorem 2:

(1) p,=r.p,=Land p =q.

Substituting k =—1to Eq. (12), we obtain p_, =
22 cos(n/4—m)|n—Lm+1|/[nm|=r.

Similarly, for k=0, p, =1 andfor k=1,p, =q.

(2) qr = (ln pm+1)xx .

By Eq. (12), qr=(Inp,,,,),, 1s equivalent to

h A
%z(ln(|n+m+l|/f))xx. 22)
Eq. (22) is equivalent to

h A
%+ln(f)xxz(ln|n+m+l|)xx. (23)

By Eq. (9), the left side of Eq. (23) is 0. The right
side of Eq. (23) can be expanded as

|n+m+1|X=|n+Am,n+r?1+2|. (24)
But,
|n+m+1|X:|n+m,n+r?1+2|,
|n+m+l|XX:|n+rAn—1,n+m+l,n+m+2|+
|nJ:m,n+m+3|.
By Eq. (20) and Eq. (21) with j=n+m+1, Eq.
(24) is 0, i.e., the right side of Eq. (23) is also 0.

3) Lot —(gr—np) )2

k k-1
Substituting Eq. (8) to Eq. (6), using Eq. (9), Eq. (6)

is equivalent to
|njrk;mA—k|xx|nik;mik|—4|n+&+l;m—Ak—1|-
Intk-Lm-k+1|=|nrk;m=k[.  (25)
Utilizing the character of determinant we have
Intk;mok|=|ntk-Ln+k+m=k|+
Intkom-k—Lm—k+1], (26)
and
|nik;mA—k|XX:|n+I2—2,n+k,n+k+1;mA—k|+
|n+|2—1,n+k+2;mA—k|+|nik;m—f<—2,
mok,m-Kk+1][n+k:m—Kk—I,m—Kk+2|+
2[n+k-Ln+k+Lm—k-L,m-k+1]. 27)

By Lemma 1, we have
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|n+Ak+1;m—Ak—1||n+Ak—1;m—Ak+1|=
|nJArk;mA—k||n+Ak—1,n+k+1;m—Ak—1,
m—k+1|—|nJArk;m—Ak—l,m—k+1|~

Intk—Ln+k+Lm=k|. (28)

Substituting Eq. (26), Eq. (27) and Eq. (28) into Eq.

(25) and simplifying, we get Eq. (25) is equivalent to
(n+k-2n+kn+krLm—k|+[n+k—1,
n+k+2;mA—k|+|n:Lk;m—IA<—2,m—k,
moKk+1]+[ntkm—k-1,m—k+2|-
2in+k—Ln+k+Lm—k—Lm-Kk+1])-
Infkmok|=(n+k-Ln+k+Lm_K|-
Intkom—k—Lm—Kk+1])?. (29)
By Eq. (18) and Eq. (19), we know that Eq. (29) is
true. Therefore Eq. (25) is true. So Eq. (6) must be true.

Example Let A= diagonal(0,1,~1,2,~2), Then
by Eq. (2) and Eq. (3), we can set

2 —8i
ex+2it 4e—x—2it
¢ — e—x+2it ,l// — 3ex—2it
e2x+8it 2e—2x—8it
e—2x+8it ez><—8it

Suppose Nn=1 and m=2. Then by Eq. (12) we

get
P P’
p,:r:_ap :Lp :q:—’
1 pild 0 1 pld
p _p_2n B 18432e6x+36it
2 pzd > M3 p3d >
where

I:.Lln — —4882X (_862x+4it _ 6eéx+4it + 368x+16it +
6e'" +9ie™)

pild — e4it (36ie2x+12i! _ 54e4x+16it + 32e6X+4it +
4866X+28it _36e8>(+16it + 18ie10>(+12it _3e12X+16it _
ge'" —12ie* —9ie™),

p]n — _36e2x+12il _ 54ie4x+16it + 32ie6x+4it +
48ie6x+28it _36ie8x+16it _18e10x+12it _
3ie]2x+16it _ Sieléit + 1284)( + 9eSX ,

pzd — 36ie2x+12it _54e4x+16i1 +32e6x+4it ¥
48e6x+28it _36e8x+16it +18ie10x+12it _

3!t _ge't —12ie* —9ie™,

pzn = D420t (_16iezx+12it 4 24p*xH1sit _
12ie™2" e +2i)

p,¢ =36ie™ "1 — 54PN 1 30 4
4881 _ 368161 1] 8je! X+
!Xt _ge!®t _12je** —9ie™

p," =—e*" (—48e™ " + 54ie ! 1 96e P —
192ie® 4 4 36i™ 2 4 72281 _
24! V10T 322 . gjel2M _gje)

P, =—36e™""H" —54ig™!o" 4+ 32ie " +
48ie® 2t _36jeM 10N 18! 1A
3ig! ot _gje!" 12 + 9™

It can be checked directly that qr =(Inp,),, and

P, P,» P, P, andthat p;satisfy Eq. (6).

4 Summary and discussion

In this work, we find there are two types of
solutions for AKNS equations. One is the double
Wronskian solutions and the other is the solutions of the
AKNS hierarchy by constraint. We discover the form of
determinant of p, fully meet the form of constraints
sequence p,, which has a good correspondence with
the the AKNS equation’s double Wronskian solutions
and we have proved qr =(Inp,,,), - From it we know
the double Wronskian solutions may be included in the
solutions of the AKNS hierarchy by constraint. Whether
the two types of solutions is essentially equivalent? The

question should be studied further.
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