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Image Segmentation via Variational Mixture of Gaussions
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Abstract: Gaussian mixture model (GMM) has been effectively used in image segmentation. In this case,
the features of an image are described by a mixture model with K different components. However, how to
choose the number of mixture components K and estimate model parameters are still short of solutions.
Current algorithms such as maximum likelihood and sampling methods are known for their own limitations.
So we present an alternative algorithm based on Bayesian variational method and apply it in image
segmentation. This method works at less computational cost than sampling methods, and can also naturally
handle the model selection problem. In the model’s iterative process, the algorithm can automatically
determine the number of mixture components in view of the data collected. By comparing our method
against other classical segmentation methods on natural images acquired from Berkeley Segmentation Data
Set, it suggests that our method provides better performance on image segmentation.
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Image segmentation is an important problem in
computer vision which is aim to partition an image into
disjoint regions, after that the pixels in the same region
have similar visual characteristics. Recently, Gaussian
mixture model is such a useful mathematical model used
for unsupervised image segmentation !'"*. This method
models the image with mixture of Gaussians, and the
segmentation is a process of assigning each pixel to the
component which it most likely belongs to. In such case,
image segmentation is converting to an inference
problem that optimizes model parameters to fit the data.
A common technique used to inference is Expectation-
Maximization (EM) algorithm which is an iterative
technique to get the maximum likelihood estimates **,
The key issue of EM algorithm is model selection

problem that is how to determine the number of compo-
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nents in order to avoid over-fitting or under-fitting. If
the choice of number is inappropriate, the speed of
convergence will be very slow and the result of
clustering may be poor. Many information rules are

selected to try to solve this problem [6-10]

, such as
Bayesian Information Criterion (BIC), Akaike Infor-
mation Criterion (AIC) which compute relative loss
information. But they do not know what the true model
is like, so with these rules we cannot explain the
accuracy in an absolute sense. Even if all the candidate
models are not fit well, these rules will not give any
hints. Another crucial problem is how to guarantee EM
algorithm to get the global optimum which is depends
on the initial value of models. Currently improved
method is to use K-means to get a rough estimate, and

then use this estimate as the initial value of EM
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algorithm '), but it also increases the computation time.

To tackle above problems in inference problem of
Gaussian mixture model, we proposed to use variational
inference techniques to find its posterior estimation.
Variational inference is a deterministic approximate
method, which uses an iterative technique to shrinking
KL divergence between approximate probability distri-
bution and target distribution *'*'*, We use this mean
to determine the appropriate number of components
from the data and successfully solve the model selection
problem. And if the corresponding distributions belong
to exponential family distribution, this algorithm will
converge to a global optimum "), Furthermore, in order
to avoid singularity, we extend the standard Gaussian
mixture model to a full Bayesian framework, where the
model parameters are treated as random variables.

The rest of this paper is organized as follows.
Section 1 gives a brief introduction of Gaussian mixture
models and extends it to a full Bayesian model. Section
2 presents a mathematical analysis of variational
inference, focusing on how to find an optimal estimate
for Gaussian mixture model with full Bayesian
treatment. Section 3 shows the experimental result on
image segmentation. Section 4 concludes the paper and

gives some directions for future works.
1 Gaussian mixture models

In this section, we give a brief review of the
Gaussian mixture models. A Gaussian mixture models is
a generative model which is a weighted sum of K
Gaussian distributions, then each observation y; has

following distributions 1*':

K
Pl py) = Y AN (3 | n ). (1)
k=1

where u={u,} are the mean vectors and p ={p,}
are precision matrixes. The parameters z ={z,} are
mixing coefficient, satisfying Z::l 7, =L0<rm <I.
labels of

components which the observations y,,---,p, are

Furthermore, let c,---,c, denote the

5"

generated from. Then we can generate each observation

from following process:
¢, ~ categorical(z,,---, 7, ),
Ji |Ci ~ N(.”ci a?;I)-
The graphical model is showed in Fig.1.
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Fig.1 Graphical representation for GMM
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In order to make the model more smooth and
flexible, we extend Gaussian mixture models with
simple representation (see Fig.1) to a full Bayesian
approach showing in Fig.2. We treat the weights of the
mixture and the parameters as latent variables, where
they will be placed prior distributions. In such a case,
the weights are often regarded as a K-dimensional
random vector independently drawn from following
symmetrical Dirichlet distribution,
el
where «, is the concentrate parameter and /7(X) is

p(”la”"ﬂ-K |O.’0) =

Gamma function. We use a Normal-Wishart distribution

as the multivariate normal
likelihood,

P(#sY ) = N(ﬂklﬂo (ﬂOYk)il)W(?’kWO’O—o)' 4
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Fig.2 Graphical representation for Bayesian

Gaussian mixture model
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Thus, a Bayesian Gaussian mixture model assumes
the following generative process for each observation:

7,7, ~ Dir(ey),

¢, ~ categorical(z,,---, 7, ),

(4,7 ~ NM (B, 775,05, 0),

Ji |Ci - N(”ci ’J’:)

When Gaussian mixture model is used in image

)

segmentation, each component is corresponding to an
image region which may correspond to some object. So
we turn image segmentation into an inference process
calculating which segment each pixel is most likely to
belong to. EM algorithm is such a standard inference
solution, but it needs to specify the number of segments
beforehand. Obviously, for an unknown image, it is
clearly inappropriate. So we use variational inference

instead which is introduced in next section.

2 Variational inference

2.1 Variational inference

In a probability graphical model, if wvisible
variables are Y =(y,, -
W = (W,

its posterior distribution p(W|Y) .

,¥,) and latent variables are
w,,) , the purpose of inference is to estimate
But it is always
intractable to calculate posterior distributions in deed, so
variational inference is proposed to find an approximate
distribution q(W)
pPW|Y) .
approximation between q(W) and pW|[Y) with KL

instead of the real posterior

distribution We measure the degree of

divergence, which is

W)
KL | dw , 6
(all p) = faW)in—>=2 W) (6)

and there are
In p(Y) = £(@)+KL@ll p), (7)
£(0) = [qW)in p(Y PO gy ®)

We can see that E(q) is the lower bound of the
logarithm of likelihood In p(Y). So Minimization KL
divergence between (W) and pW][Y) is equal to

find an optimal q'(W) to maximize the lower bound

L£(q).

Furthermore, we assume the collection of hidden
variables W can be divided into M disjoint subsets
W,,---,W,, , then the factorization of Q(W) can be

written in the form:
M
q(W):Hqi(Wi)' )
i=1

After a mathematical transform, we can get the
best distribution q]-k for each factor as follows:
Ing;(W,) = E,,;[In p(Y,W)]+const, (10)
E.;[ln p(Y,W)] is the expectation of the logarithm of
joint probability over observations and latent variables,
taken with respect to all factors except (. Thus each
factor can be updated given observation and other
factors iteratively. In addition, if the posterior distri-
butions belong to exponential family, the convergence of
variational inference will be a global maximum.
2.2 Variational inference for Gaussian mixture
models
In this section, we consider a variational approach
for Gaussian mixture models described in Fig.2. We
assume the variational distribution is q(z,c, u,y).
Firstly, we factorize the wvariational distribution as

follows ™:

(e, my) = d@] JacoH] Jacu.ro) - (11)
i=1 k=1

According to the inference procedure which
introduced in section 2.1, we obtain the following
variational distribution for each latent variable:

q'(c;) = categorical(c, |4, -, 4 ) » (12)

g’ () = Dirichlet(z|er,, - ) (13)

0" (20 = N (w8, (12" Vo, 0,) . (14)

The variational distribution on the label index for
observation y, is a categorical distribution with

parameter @,,---,4, . The update of each element is

ing, :[w(an—w[ga,.j}
%(ZD:W(%H} D1n2+ln|vk|J+

j=1

(—23__(.)’. =B (y; ﬂk) J"‘COHSL(IS)
Ti

The variational distribution q'(z) is a Dirichlet
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with parameters ¢«,,---, . Each of these is given by
a,=o,+N,. (16)
The variational distribution q*(,uk ,7¢) 1s a Normal-
Wishart distribution which has four parameters, the
updates are

un =770+Nk’ 17
B = (1,8, + NF). (18)

k

_ _ N _ _
y =y NS, + T (BT ) (19)

0 k
o, =0,+N,. (20)
To compact the formulas, we introduce four new

variables in above equations:

N, = Zﬂk > (21)
= Y 22)
S =< YO =TI T 23)

We can get an approximate posterior distribution

on m,c,u,y by iterating these equations between two

steps. In the first step, we fix other parameters and
optimize {¢,} using Eq.(15); in the second step we fix
{¢,} optimize {o,} and {m,,y,} using Eq.(17)-(20).

3 Experimental result in image seg-
mentation

3.1 Feature extraction

In preprocessing stage, each image is represented
as Lxaxb color matricc. We use 7x7 cut-off
window feature to capture local texture. The texture
window is smoothed by convolving with a 2D Gaussian
kernel before stacking the color values inside the
window into a vector. Finally, to reduce the cost of
computation, we use PCA to project the feature vectors
into 8-dimensional space ",
3.2 Result

The proposed algorithm has applied in segmenting
color images from Berkeley segmentation dataset 500,

(http://www.eecs.berkeley.edu/Research/Projects/CS/

the first column: original images; the second column: variational mixture of Gaussians;
the third column: standard EM algorithm; the fourth column: FCM algorithm

Fig.3 Segmentation results
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vision/grouping/resources.html#bsds500). The initial
number of components is set to 10, which is relatively
larger than the true number of segments. In the iterative
process, redundant components will be deleted out of
the model.

In order to evaluate the usefulness of the proposed
algorithm, we compared our segmentation algorithm
against standard EM algorithm and the Fuzzy c-means
clustering (FCM) algorithm. In Fig.3, the first column is
original images. The final result of our algorithm is
showed in the second column. The last two columns are
comparison results based on EM and FCM. Different
segments are labeled with distinguished colors. The
speed of these three algorithms is similar. However, we
can find that our method has discovered the proper
structures of the images, and it can efficiently separate
the objects from background. Relatively, the segmen-
tation results based on both EM and FCM are worse
because optimization may poor when the initialization

of algorithms is not proper enough.

4 Conclusion and future work

This paper has presented an unsupervised image
segmentation approach using variational mixture of

Gaussians. This inference algorithm overcomes model

selection problems and brings the global optimum result.

Using variational Bayesian inference, we showed
obviously improvement over the EM and the FCM in
performance of image segmentation application.
Although this article is focused on solving the image
segmentation, the idea can be extended to other
applications as well.

However, there are still some limitations of this
method. The main limitation of our algorithm is
ignoring the spatial dependence between pixels, so how
to add spatial information to the model is a crucial
problem. We can put space constraints on the label
assignment using Markov Random Field ", Further-
more, the variational inference described above is

operated in a batch mode, because it updates all

variational parameters in a “batch” before updating the
model parameters. This inference form may increase the
running time of the algorithm, and is not suitable for

large-scale problems. Stochastic variational inference

has been proposed to aim to solve this problem [,

Eventually, this paper only focuses on unsupervised
image segmentation, so it is matter of ongoing research
that how to join supervised information in the model
structure to make more accurate and meaningful

segmentation result.
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