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Abstract: The generalized coupled variable-coefficient KP system is constructed using the pfaffianization 

procedure. Furthermore, the Wronski-type pfaffian solution and the Gramm-type pfaffian solution are 

presented for the pfaffianized KP equation with the partial application of pfaffian technique. 
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Mathematicians and physicists use the soliton 

equations to characterize different kinds of nonlinear 

complex phenomena in some branches of modern 

science, such as the plasma physics, biology and fiber 

optics, fluid dynamics, Bose-Einstein condensations, 

solid state physics[1-5]. Variable-coefficients KP equa- 

tions can be used to describe applications of a wide range 

of physics more actual than the constant coefficients 

equations. 

In the early 1990s, a procedure for generalizing 

equations from the KP hierarchy were developed by 

Ohta and Hirota to produce coupled system of equations 

with solutions in the form of pfaffians[6-7]. In last several 

years, KP equations have taken more attention in 

producing coupled systems by applying the pfaffiani- 

zation, such as the non-isospectral and variable-coeffi- 

cient KP equation[8], generalized variable-coefficient KP 

equation[9-12], non-isospectral KP equation[13], non- 

isospectral modified KP equation[14], the discrete KP 

equation[15], (3+1)-dimensional generalized BKP equa- 

tion[16], (3+1)-dimensional generalized KP equation[17] 

and so on. 

The author puts more attention to study the 

following variable-coefficient KP equation: 

[ ( ) ( ) ( ) ( )t x xxx xu f t uu g t u l t u q t u      

( ) ] ( ) 0y x yyn t u m t u  , (1) 

where ( ) 0f t  , ( ) 0g t  , ( )l t , ( ) 0q t  , ( )m t  and 

( )n t  are all arbitrary functions of t . Eq.(1) can 

become many famous nonlinear wave equations, for 

example the standard KP equation and cylindrical KP 

equation, where ( )f t , ( )g t , ( )l t , ( )q t , ( )m t  and 

( )n t  have special values. Grammian solutions[18], 

analytic multi-solitonic solutions, auto-Backlund trans- 

formation in bilinear form and Lax pair[19] have been 

studied for the Eq.(1). 

1 Pfaffianization and Wronski-type 
Pfaffian solution 

Through the dependent variable transformation: 

 ( )d

0

12
( , , ) e ln ( , , )

l t t

xx
u x y t F x y t

c

 , (2) 

with 06 / c   is an arbitrary non-zero constant. Eq.(1) 

can be mapped into the variable-coefficient bilinear 

equation[18], 

4 2 2[ ( ) ( ) ( )x t x x yD D g t D q t D m t D     
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( ) ] 0x yn t D D F F  , (3) 

where xD , yD and tD are the Hirota bilinear operator[20]. 

We will employ the pfaffianization procedure to 

pfaffianize Eq.(3). We consider the pfaffian  
(1, 2, , 2 ) (2 )F N N  , (4) 

whose entries satisfy the differential rule: 

( , ) / ( 1, ) ( , 1),i j x i j i j       

 ( , ) / 3 ( ) ( 2, ) ( , 2) ,i j y g t i j i j        

 ( , ) / 4 ( ) ( 3, ) ( , 3) 3 ( ) ( )i j t g t i j i j g t n t          

[( 2, ) ( , 2)] ( )[( 1, ) ( , 1)].i j i j q t i j i j        (5) 

The entries of one special kind of the Wronski-type 

Pfaffian solution are expressed as: 

( ) ( ) ( ) ( )

1

( , ) ,
M

i j j i
k k k k

k

i j    


     

where M  is an arbitrary natural number, and /k  
( ) ( ), / ,n n

n k k n kx x       k  and k  satisfy 

, , , ,3 ( ) , 3 ( ) ,k y k xx k y k xxg t g t        

, , , ,4 ( ) 3 ( ) ( ) ( ) ,k t k xxx k xx k xg t g t n t q t        

, , , ,4 ( ) 3 ( ) ( ) ( ) .k t k xxx k xx k xg t g t n t q t        

Under the condition (5), we have the differential 

rules for the Wronski-type Pfaffian: 
2

1 2 2 1 2 2
1

( , , , ) ( , , , 1, , ),
N

N k N
k

i i i i i i i
x 


 

     

2

1 2 2 1 2 2
1

( , , , ) [ 3 ( )]( , , , 2, , ),
N

N k N
k

i i i g t i i i i
y 


  

     

2

1 2 2 1 2 2
1

( , , , ) [ 4 ( )( , , , 3, , )
N

N k N
k

i i i g t i i i i
t 


   

     

1 2 23 ( ) ( )( , , , 2, , )k Ng t n t i i i i    

1 2 2( )( , , , 1, , )],k Nq t i i i i   (6) 

which are exactly the same as the differential rules for 

determinants[20]. By means of these rules, various 

derivatives of the pfaffian F can be computed as: 
(2 1,2 1),xF N N    
 (2 2,2 ,2 1) (2 1,2 2),xxF N N N N N       
 (2 3, 2 1,2 ,2 1) 2(2 2,xxxF N N N N N       

2 , 2 2) (2 1,2 3),N N N N     
(2 4, 2 2, 2 1,2 , 2 1)xxxxF N N N N N       
 (2 1, 2 4) 3(2 3,2 1, 2 ,N N N N N      

2 2) 3(2 2,2 ,2 3)N N N N      
2(2 2,2 1, 2 2),N N N    
 3 ( )[(2 1, 2 2) (2 2,2 ,2 1)],yF g t N N N N N        
 3 ( )[(2 1, 2 3) (2 3, 2 1,xyF g t N N N N        

2 ,2 1)],N N   
 29 ( ) [(2 1,2 4) 2(2 2,2 1,yyF g t N N N N       
2 2) (2 3,2 1, 2 ,2 2),N N N N N       

 (2 2,, 2 , 2 3) (2 4, 2 2,N N N N N      

2 1, 2 , 2 1)],N N N   
 4 ( )[(2 1,2 3) (2 2, 2 , 2tF g t N N N N N        
2) (2 3,2 1,2 , 2 1)] 3 ( ) ( )N N N N g t n t       

 [(2 1,2 2) (2 2,2 , 2 1)]N N N N N       
( )(2 1, 2 1),q t N N   
 4 ( )[(2 1, 2 4) (2 2, 2 1,xtF g t N N N N        
2 2) (2 4,2 2,2 1, 2 ,2N N N N N N       
 1)] 3 ( ) ( )[(2 1,2 3) (2 3,g t n t N N N      

2 1, 2 , 2 1)] ( )[(2 2,2 ,N N N q t N N     
2 1) (2 1,2 2)]N N N    . 

Substituting the above derivatives and F
 
into the 

left of Eq.(3), we have
 4 2 2[ ( ) ( ) ( ) ( ) ]x t x x y x yD D g t D q t D m t D n t D D F      

 24 ( )[(2 )(2 2, 2 1,2 2)F g t N N N N      

 (2 1, 2 1)(2 2,2 ,2 2)N N N N N      

 (2 1, 2 2)(2 2,2 ,2 1)].N N N N N     (7) 

While the Eq.(7) no longer satisfy the Eq.(3), 

following the Pfaffianization procedure, we introduce 



(1,2, , 2 2) (2 2),

(1,2, , 2 2) (2 2),

G N N

H N N

   

   




 (8) 

with N  even, , ,F G H  satisfy the bilinear equations: 
4 2 2[ ( ) ( ) ( ) ( ) ]x t x x y x yD D g t D q t D m t D n t D D F      

24 ( ) ,F g t GH  (9) 
3[ 2 ( ) ( ) ( ) ]x x y x x yD g t D n t D q t D aD D G      

0,F   (10) 
3[ 2 ( ) ( ) ( ) ]x x y x x yD g t D n t D q t D aD D H      

0,F   (11) 

with a  is an arbitrary non-zero number. 

We calculate the derivatives of G  and H through 

the Eq.(5). Substitute , ,F G H and the derivatives into 

Eq.(10) and (11), and they can be written as: 
 12 ( )[(2 )(2 1,2 1, 2 2,2 3)g t N N N N N       

  (2 1,2 1)(2 ,2 2,2 3) (2 1,N N N N N N       
 2 2)(2 1,2 3) (2 1,2 3)N N N N N        

(2 2)] 0,N    
  12 ( )[(2 3,2 1)(2 ) (2 3,2 )g t N N N N N      
  (2 1, 2 1) (2 3,2 1)(2 2,N N N N N       
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 2 , 2 1) (2 2)(2 3,2 1,2 ,N N N N N N      

2 1)] 0,N    

which is nothing but the pfaffian identity. 

Thus Eqs.(9)-(11) comprise the coupled variable- 

coefficient KP equations, and they have the Wronski- 

type pfaffian solution ,F G and H with elements satisfy 

the condition (5). 

Under the dependent variable transformations, 
( )d

0

12
( , , ) e [ln ( , , )] ,

l t t

xxu x y t F x y t
c

  

/ , / ,v G F w H F   

the coupled systems (9)-(11) can be mapped into the 

following nonlinear differential equations, 

[ ( ) ( ) ( ) ( ) ( ) ]t x xxx x y xu f t uu g t u l t u q t u n t u       

( ) 24 ( )( ) 0,yy xxm t u g t vw   

2 ( ) ( ) [ ( ) ( ) ]t xxx y xv g t v n t v q t f t u v      

( ( / ) d ) 0,xy ya v v u x   

2 ( ) ( ) [ ( ) ( ) ]t xxx y xw g t w n t w q t f t u w      

( ( / ) d ) 0,xy ya w w u x   (12) 

which reduces to the variable-coefficient KP Eq.(1) as 

0v w  . 

2 the Gramm-type Pfaffian solution 

In this section, we discuss the Gramm-type pfaffian 

solution for the pfaffianized variable-coefficient KP 

equations (9)-(11). The Gramm-type pfaffian solution 

can be proposed as: 

(1, 2, , 2 ),F N  0 1( , ,1, 2, , 2 ),G d d N   

1 0( , ,1, 2, , 2 ),H c c N   (13) 

with the Pfaffian entries: 

( , ) ( )d , ,
x

ij i j j i ij jii j c x c c          

( , ) / , ( , ) / ,n n m m
n i m jd i x c j x        

( , ) ( , ) ( , ) 0,m n m n m nd d c c d c    (14) 

where i  and j  satisfy the differential relations: 

, , , ,3 ( ) , 3 ( ) ,i y i xx j y j xxg t g t       

, , , ,4 ( ) 3 ( ) ( ) ( ) ,i t i xxx i xx i xg t g t n t q t        

, , , ,4 ( ) 3 ( ) ( ) ( ) .j t j xxx j xx j xg t g t n t q t        (15) 

Based of the above differential rules, we obtain 

0 0( , ) / ( , , , ),i j x c d i j    

 0 1 1 0( , ) / 3 ( ) ( , , , ) ( , , , ) ,i j y g t c d i j c d i j      

0 2 1 1( , ) / 4 ( )[( , , , ) ( , , , )i j t g t c d i j c d i j       

2 0 0 1( , , , )] 3 ( ) ( )[( , , , )c d i j g t n t c d i j   

1 0 0 0( , , , )] ( )( , , , ).c d i j q t c d i j  

Various derivatives of F  (for short ( )F   ) can 

be yielded as follows: 

0 0( , , ),xF c d   

0 1 1 0( , , ) ( , , ),xxF c d c d     

0 2 1 1 2 0( , , ) 2( , , ) ( , , ),xxxF c d c d c d       

0 3 2 1 0 0 1 1( , , ) 3( , , ) 2( , , , , )xxxxF c d c d c d c d        

1 2 3 03( , , ) ( , , ),c d c d    

0 1 1 03 ( )[( , , ) ( , , )],yF g t c d c d      

0 2 2 03 ( )[( , , ) ( , , )],xyF g t c d c d      
2

3 0 2 1 1 29 ( ) [( , , ) ( , , ) ( , , )yyF g t c d c d c d        

0 0 1 1 0 32( , , , , ) ( , , )],c d c d c d    

0 2 1 1 2 04 ( )[( , , ) ( , , ) ( , , )]tF g t c d c d c d         

0 1 1 0 0 03 ( ) ( )[( , , ) ( , , )] ( )( , , ),g t n t c d c d q t c d      

0 3 0 0 1 1 3 04 ( )[( , , ) ( , , , , ) ( , , )]xtF g t c d c d c d c d         

0 2 2 0 03 ( ) ( )[( , , ) ( , , )] ( )[( ,g t n t c d c d q t c     

1 1 0, ) ( , , )].d c d    

We substitute the above derivatives, G  and H  

into Eq.(8) and get the pfaffian identity: 

 0 0 1 1 0 0 1 1 024 ( ) ( , , , , )( ) ( , , )( , , ) ( ,g t c d c d c d c d c       

1 0 1 0 1 0 1, )( , , ) ( , , )( , , )] 0.c d d c d d c       

Eq.(10) and (11) can also be reduced to pfaffian 

identities in the same way. Hereby, we have shown the 

Gramm-type pfaffian solution given by Eq.(13) satisfy 

the coupled systems (9)-(11). 

3 conclusions 

The coupled variable-coefficient KP equation have 

been presented through the pfaffianization procedure. 

Not only the Wronski-type pfaffian solution but also the 

Gramm-type pfaffian solution has been shown for the 

pfaffianized coupled variable-coefficient, which has 

been proved by the pfaffian identities.  
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一个广义变系数 KP方程的 Pfaffianization化 

吴  玲, 于亚璇* 

（宁波大学 理学院, 浙江 宁波 315211） 

摘要: 通过使用 Pfaffianization化程序, 产生一个广义耦合的变系数 KP方程组, 并且利用 pfaffian技术给

出了耦合变系数 KP方程组的Wronski型 pfaffian式解和 Gram型 pfaffian式解. 

关键词: 广义变系数 KP方程; Pfaffianization化; Wronski型 pfaffian式解; Gram型 pfaffian式解 
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