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Abstract: In this paper we investigate the local and global existence and uniqueness of mild solutions to

stochastic differential equations perturbed by a fractional Brownian motion B(;' (t): du=(Au+uu,)dt+

g(t)dBQH (t) with Hurst parameter H € (1/2,1) .
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Consider the following stochastic initial-boundary

differential equation

du =(Au+uux)dt+g(t)dB(;' ), (1)
u(0,t)=u(,t)=0, 2)
u(x,0) =u,(x),x[0,1], 3)

under suitable conditions on the operator A, the
coefficient functions ¢, and the initial value u,. Here
BS (t) denotes an fBm with H e (1/2,1).

The existence and regularity properties of the
solution of the stochastic Burgers’ equation with a
standard Brownian motion have been obtained by
several authors; see e.g. Da Prato et al''! and Gyongy
and Nualart'?. In [3], the local and global existence and
uniqueness results for the stochastic Burgers’ equation
driven by fBm is proved when H >1/4, B" is a
cylindrical fBm and A be a Laplacian operator. In [4],
the author prove existence, uniquess and exponential
asymptotic behavior of mild solutions to stochastic delay
evolution equations with a fBm for H >1/2.

The aim of this paper is to obtain the global

ArticleID: 1001-5132 2012 04-0064-06

well-posedness of the solution for the eq. (1), with
boundary and initial conditions eq. (2) and (3). In this
paper we consider the case where H >1/2, Bg (t) is
a Q -cylindrical fractional Brownian motion. This case
cannot be covered by the above previous results.

The paper is organized as follows. In section 2
some necessary preliminaries on the stochastic
integration with respect to fBm are established. Also a
technical lemma which is crucial in our stability analysis
is proved. In section 3 we prove the regularity properties
of the stochastic integral. In the last section, we prove

local and global existence results to the eq. (1) to (3).
1 Prelimiaries

In this section we introduce the fractional
Brownian motion as well as the Wiener integral with
respect to it. We also establish some important results
which will be needed throughout the paper.

Let (B"(t),t=0) be a fractional Brownian
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motion with Hurst parameter H €(1/2,1), defined in
a complete probability space (£2,F,P) . Namely,
(B (t),t =0) is a mean zero Gaussian process with

covariance
R, (t,s)=E[8" ()" (9)] %(t”' +527 —|t=s ™).

Now we aim at introducting the Wiener integral
with respect to the one-dimensional fBm A" . Let
T >0 and denote by A the linear space of R-value
step functions on [0,T], thatis, ge A if

¢(t) = 2 %; l[ti ,tm)(t) 4

where te[0,T],

For ¢ e A we define its Wiener integral with respect to
L as
T n-1
_fo H(S)dB" () =D % (" (t,) " ().
i=1

X, €R and 0=t <t,<---<t =T.

Let H be the Hilbert space defined as the closure
of A with respect to the scalar product
<1[0,t]’l[0,s]>ﬂ =Ry (t,9).

Then the mapping
n-1 T

= Xl - jo #(5)dB" (5)
it

is an isometry between A and the linear space
span {",te[0,T]} , which can be extended to an
isometry between A and the first Wiener chaos of the
fBm ﬁLZ(Q){ﬂH,t €[0,T]} . The image of an
element @ € H by this isometry the Wiener integral of
@ with respect to B". Our next goal is to give an
explicit expression of this integral. To this end, consider
the kerner

t
K, (t,s)=c, S]/z-HJ' (u- S)H—}/ZUH—I/Zdu’
S

where ¢, =(H(2H -1)/B(2-2H,H -1/2))"* , with

B denoting the Beta function, and t>s. It is not
difficult to see that

oK,

ot

Consider the linear operator K}, : A L*([0,T])

t,s)=c,(t/s)" M (t—s)"2

0

given by
(Ka)s) = [0 T syt
s ot

Then (K} 1,,)(8) =K, (t,5)],(S) -

We refer to [6] for the proof of the fact that K, is
an isometry which can be extended to H.

Considering W ={W (t),t €[0,T]} defined by

W(t) = " (K M) s
it turn out that W is a Wiener process and A" has
the following Wiener integral representation:

B ()= Ky (t,5)W(s).

In addition, forany ¢e H ,

[, #()d8" ()= (Kip)(DAW (),
if and only if K} ¢ € L*([0,T]).

Also denoting L, ([0,T]) ={peH,K¢cL*([0,T]},
since H >1/2, we have!”

L™ ([0,T]) < L, ([0,T]). “)

Next we are interested in considering an fBm with
values in a Hilbert spaces and giving the definition of
the corresponding stochastic integral.

Let U,]-}()y) and (K,|-|.(),) be separable
Hilbert spaces. Let L(K,U) denote the space of all
bounded linear operators from K to U . Let Qe
L(K,K) be a non-negative self-adjoint operator.
Donote by LOQ(K,U) the space of all £eL(K,U)
such that £Q"? is a Hilbert-Schmidt operator. The
norm is given by

1€ By ey=1€Q" s

Then ¢ is called a Q-Hilbert-Schmidt operator
from K to U.

Let {B'(t)},.y be a sequence of fractional
Brownian motions mutually independent on (£2,F,P).

When one considers the following series
2B Ve,
n=l1

where {e,} is a complete orthonormal basis in

neN
C([0,1];K), this series does not necessarily converge in
the space K. We denote by C([0,1];K) the space of
into K. We

consider a K-valued stochastic process Bg (t) given

all continuous functions from [0,1]

formally by the following series

B! (1) = iﬂn“ Q" .
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If Q is a non-negative self-adjoint trace class
operator, then this series converges in the space K, that
is, it holds that Bg (t) e L’(£2,K). Then, we say that
the above Bg (t) is a K-valued Q-cylindrical fractional
Brownian motion with covariance operator Q. For

example, if {o,},., 1S a bounded sequence of non-

negative real numbers such that Qe, =oe€,, assuming
that Q is a nuclear operator in K (Zan<oo ), then

n=1

the stochastic process
By () =24, (1Q"%e, =D \Jo, 5 (Ve, ,
n=1 n=1

is well-defined as a K-valued Q-cylindrical fractional

Brownian motion.

Let ¢:[0,T]— Ly (K,U) such that
DK (@Q"6) [ o0, <© - (5)
n=l1

Definition 1 Let ¢:[0,T]— LOQ(K,U) satisfy
(5). Then, its stochastic integral with respect to the fBm
BS (t) is defined, as follows

J (508 9= [ (612" e, 4By -

o0 t .
2 (K3 (9Q"7e,))(5)dW ().
n=1
Notice that if
;H 9Q"%e, llum (o0, <5 (6)

then in particular (5) holds, which follows immediately
from (4).

The following useful result holds:

Lemma 1™ Forany ¢:[0,T]— Ly(K,U) such
that (6) holds, and for any «,f €[0,T] with a> S,

E| [ p(5)dBg (8) < cH@H ~ (@~ )"
[ 10(6)1Q"%, | ds.

where c=c(H). If, in addition, ) |p(t)Q"%e, |, is
n=1
uniformly convergent for te[0,T], then
E| ]! p(s)dBY (5) < cH(2H ~D(@-5)""-

OIS ()

2 Thestochastic integral

The linear stochastic differential equations
corresponding to problem (1) (3) is given by

du = Audt + g(t)ng ), u©=u,, (®)
where Bg (t) is the fractional Brownian motion which
was introduced in the previous section, A: Dom(A)c
Uu->u
continuous semi-group S(-) on U, thatis, for t=0,
it holds

S |y < Me”,
g:[0,T]—> L%(K,U), we

conditions: For the complete orthonormal basis {e,}

is the infinitesimal generator of a strongly

M=>=1, peR,

assume the following

neN

in K, we have

o0
. 1/2
) 201907 1y, <

(ii) Z| 9Q"%e, |, is uniformly convergent for

n=1

te[0,T].

(i) > |9Q"%e,(x)|, is uniformly convergent for
n=1

x €[0,1].
The mild form of the linear problem (8), if it exists,

can be written as
U(t) = S(t)u, + [ S(t-5)dBY (5) .

In the study of linear and nonlinear equations, just
an the properties of the stochastic integral deduced by
standard Gasssian process'®), it is of great importance to
establish the basic properties of the stochastic integral

Z(t)=[ S(t-s5)g(s)Bf (s). 9)

In this section we prove the continuous of the
stochastic integral Z(t). We state the basic properties
of the stochastic integral as follow.

Theorem 1 The stochastic integral Z:t—>
I;S(t—s)g(s)ng (s) is well-defined. It is continuous
with respect to xe€[0,1] , and t>=0 for Hurst
parameter H e (1/2,1).

Proof We first prove that the stochastic integral is
well defined.

Notice that, thanks to (i) and the fact that
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Hel/2,1),
ZIH ngen HL' (CANEVD) <

holds. Since

L™ ([0,T]) < L5, ([0,T]),
we have

Z:‘“ K (9Q"e,) HLZ([O,T];U) <0
=

which implies that the stochastic integral Z(t) is
well-defined

semigroup. Moreover, (i) together with (ii) immediately

since S() is a strong continuous

imply that, for every t<[0,T],
t 2
[19O) L, ) ds <0

We check that the well-defined stochastic integral

possesses the regularity. We now prove that for any

positive T >0,Z(t) belongs to the space C([0,T];U).

Consider o >0 small enough, we have
E|j;”’5(t+a—s)g(s)dsg (s)-
t
jo S(t-s)g(s)dBf (s) <
2E |J;(S(Ha—s)—S(t—s))g(s)ng (s)F +
t+o
2E|jl S(t+o-5)g(s)dBE (s)[=
J, +3J,.
Applying inequality (7) to J,,
J, <2cH(2H —1)t2“*1j0t| S(t—s)-
(5(0) = 1)G() [} o, I <
2cH(2H —t* "M%’ .
t 2
[l 5@ ~1Hg®)F, ;a5 =0,
thanks to

when o—0 the Lebesgue majorant

Theorem, since, for every s fixed,
s(0)g(s) > 9(s),
[S()G(S) |y )< M| (5)

Lo(KW) "
Applying now (7) to J, we obtain
J, <2cHQ2H -Do*"'M%e*7 .

t+o 2
[ 196y o, d5 0,

when o — 0. Therefore the stochastic integral Z(t)

is continuous with respectto t.

For the continuous of Z with respect to X, we

have

E|[ S(t-5)g(s)dB} (5) <
cH(2H —1)t2“*1j0‘| S(E=)9(5) [}, d5 <
cH2H - 'M Zezﬂ‘m JOTAPIR
cH(2H 12 M 2t j; 19(5)Q"? e ds <

CHH DM e [ Y] 9(5)Q"%, (x) [ds =

neN

> [,cH2H -DM e [ g(5)Q"%e, (0 ds.

neN

Noticing Definition 1, we have
t H 2
E|[ S(t-5)g(s)dBY (5) =

> [T K (S(-)9Q" e, (x))(s) P ds.

neN

Then
>[I K (S(t=)gQ"%e, (x))(s) P ds <

neN

> jO‘cH (2H —)M e | g(s)Q" e, (X) ['ds,

neN

thanks to (iii), we have

3" JlcHH - DM [ g(5)Q"%, (0 Fds,

neN

is uniformly convergent for x €[0,1]. Hence

> [IKG (S(t=)gQ %, (x))(s) Pds

neN
is uniformly convergent for X €[0,1].

On the one hand, e,(X) with respect to X is
continuous, and g be an bounded linear operator,
therefore

K, (S(t-)9Q"%e, (0)(S)
with respect to X is continuous. On the other hand,
thanks to the

> [1K; S (t-)9Q" %, (x)(s) [ ds

neN
of uniformly convergent, so that Z(t) with respect to
X is continuous.

Thus the proof of Theorem 1 is completed.

3 Global existence

Set v(t)=u(t)—Z(t), t=0. Then if u satisfies
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eq. (1) (3), v satisfies

dv
" _Av+——(v+Z) (10)
v(0) =u,.

Let us write (10) as a mild form

1t 0
v(t)=S®u, +—| S(t—s)—(v+Z(s))*ds, 11
(O =SOU, +-[[St=5)—(v+2(s) (11)

which is convenient to construct the local well-
posedness of the problem (10).

From now on we will study eq. (11) for a.s.
w e 2. We are going to solve eq. (12) by a fixed point
argument in the space C([0,T"];L*(0,1)) on each path,
ie, we fix @ and construct a solution to a
deterministic equation.

In this section, U assumed to be L?(0,1), we
have

9:[0,T]— Ly(K,L*(0,1)) .

We set

By ={veC([0,T};L(0,D), [ v(D)]|.

120, 1)
m,Vte[0,T"]},
and consider the initial date that are F,-measurable and
belong to L*(0,1).
Then we have the following lemma.

Lemma 2 For |u, || <m, there exists a

12(0,1)
stopping time T >0 such that (11) has a unique
solution in B .

Proof Takeany veB! anddefine y=fv by

1t 0 2
y(t) =fv(t) = S(t)u0+5‘|‘0 S(t- s)&(v +Z(s))°ds,

we need to show f:B] — B is a strict contraction

on Bl .

1) [ 0, < SO, s, +

2
Ejonsa—s)&(vd(s)) s gy 48 <

t 0
Me™ [y, €], Me™ [|—(v+
Z(S)) ||,_z(01) S<MepT ”u ||LZ(01)
T
cM (m2+,u2)T*,
where = sup (PAC}| P
se[0,t] ’
Hence | fv() | for all te[0,T7]

LZ(O])

provided

UL, Me”™ teME (m +u)T'<m.  (12)

L2(0,1)

It is clear that for any ||u, || <m there exits a

T* satisfying (12).

2(0,1)

Now consider V,, v,eB] and set Y, =fy

i

i=L2 and y=Yy,
YO = [ S92 (4 + Z(5) - (v + Z(9))ds,

-, ; then

1Y@ o o< jusa s) (v +Z(s)’ -

(v, +Z(s))*) ”B(O 1)ds < 5 MePT*T* .

1OV +ZS) =V +Z(8)) Nz, - 13)
Using holder inequality, we have
1V +Z(8))” = (V5 + Z(8))" Il 2y, =

[V +V, +2Z(O)(V, =V, ||

LZ(OI)
|| (V] +V, + 2Z(t)) |||_z(0‘1)H (Vl _Vz) |||_2(0,1)<

2(m+ ) [[v =V, || (14)

2o, *
Hence

1Y)l < G T M+ [V =V, [l -

We take T" such that

ce T (m+u)<1,
and (12) holds so that f
B .

Thus we complete the proof of this lemma.

1S a strict constraction on

As mentioned before all the previous result are
valid a.s. for @we £2; in particular T* depend on @.
In the next lemma we will show that T" =T a.s. for
we 2 and hence remove the dependence on @ for
the time interval on which the solution exists.

Lemma3 If veC([0,T];L*(0,1)) satisfies (10),
then

IV < SO+ 11Uy [l 87
for some constant 2, >0.

Proof Let {uj},., be a sequence in C”(0,1)
such that uj —-u,, in L*(0,1). Let {(B")"},., be a

sequence of regular processes such that

2"(t)= [ S(t-5)g(s)d(B")(s) > Z(1).
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in C([0,T]x[0,1]) a.s.for we Q2.
Let V" be the solution of

1t 0
V') =S +—| S(t—s)—(V"+Z")*ds,
O =SMu+_ [ St-9)— (v +2")

given by Lemma 2. It is easy to see that v" dose exists
on an interval of time [0,T,] such that T, > T" and
in  C([0,T"]; L(0,1)).
Moveover V" is regular and satisfies

d(;’t :Av”+%%(v”+z”)2, V() =", (15)
multiplying (15) by v" and integrating over (0,1) with

that v" converges to Vv

respect to X, we find

a n n
IV R0 F2 1V I

L2(0.1) HiOD)
1 n a n ny\2
jv—(v +Z")dx =0. (16)
o OX
We estimate the last term in eq. (16) as follow:

1 0 , 1 0
V(" + 2" X< 2| | 2V =—Vv"dx |+
[V S+ 20 <2 2V Vx|
! b
2" vdx| <24t +
|[,@ S vidx|<24;,

2 IV gy IV B - (17)

where 1, =sup,o7, 12" (1) foras. we.

L= (0,1)

Going back to (16) we have
6 n n
SV < 2+ 442 IV -
Thanks to Gronwall’s lemma, we have
Ho o
2

Taking to limit as n — oo, we see that a.s.

2 2483 ot
S S 1y [ e

2

4up
L2(0,1) )e '

+1lu,

V[, gy <€

v

L2(0,1)

1

1. ,

Hurst
g(t)dBg' (t)

He(/2,1) :

; ; Hurst

315211; 2.

Thus we complete the proof of this lemma.

It is easy to derive from Lemma 1 and Lemma 2.

Theorem2 Let u, be given whichis F,-measurable
and such that u, € L’(0,1) a.s.. Then there exists a

unique mild solution of eq. (1) (3), which belongs to
C([0,T]; L*(0,1)) foras. weQ.
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