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Abstract: Due to the complexity and nonlinearity of the nonlinear PDEs, obtaining the exact solutions is 
difficult. To tackle this problem, approximation methods are taken into consideration. In this paper, using 
the truncated invariant expansion, solving for the real nonlinear systems are proposed. Using a simple 
truncated invariant expansion with a universal pseudopotential for the singularly perturbed Boussinesq 
equation, approximate solutions of the above equation can be obtained. In some special cases, the accuracy 
of the solutions is found to be significantly satisfying. 
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There are some marvelous methods to study the 
integrability of a nonlinear partial differential equation 
(PDE). The Painlevé analysis developed by Weiss et al[1] 
is one of the most effective approaches. Applying the 
WTC approach to nonlinear PDEs, one can obtain not 
only properties like the Painlevé property, Lax pair, 
bilinear form, Bäcklund transformation of integrable 
models but also solutions both for integrable and 
non-integrable models[2-6]. 

In [7], Conte had proposed a simplification of the 
WTC approach which is corresponding to the re- 
summation of the usual WTC approach such that the 
new expansion coefficients are all invariant under the 
Mobious transformation. The truncated expansion 
approach in Conte’s analysis is related to a special type 
of non-truncated summation in the usual WTC approach[8]. 
In [9], Pickering proposed a nonstandard truncation 
expansion approach basing on Conte’s Painlevé 

expansion. Then some new nontrivial solutions may be 
obtained due to Pickering’s nonstandard truncation 
approach. In Pickerinng’s consideration, the truncation 
expansion will yield a new nontrivial solution only for 
those equations which possess more than one branch in 
the original WTC analysis. Similar to Conte’s 
consideration, we may obtain some other types of 
expansions to study the Painlevé property. Perhaps, the 
different uses of the expansions may cause complexity 
in the study of the Painlevé analysis. However, it is 
useful to get different new solutions. 

In next section, we simply review the general 
aspect of the Conte’s Painlevé expansion. In section 3, 
due to the complexity and nonlinearity of some 
nonlinearity PDEs, it is difficult to give some exact 
solutions. So we use the truncated invariant expansion 
to solve real PDEs and find out some reasonable 
approximations of real physics[10-12]. Taking the 
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singularly perturbed Boussinesq equation as a simple 
example to show how the expansion yields some more 
reasonable approximate solutions. In some special cases, 
if the arbitrary constants are selected suitably, the 
approximate solutions may become exact. And some 
representative profiles of the solutions are graphically 
displayed. The last section is a short summary. 

1 Invariant Painlevé expansions by 
Conte 

For a given PDE, says 
( , , , , , ) 0,n nx t x t
F u u u u u =  (1) 

the invariant Painlevé expansion takes the form 
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The compatibility condition of eq. (3) and eq. (4) 
has the following form 
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eq. (5) possesses a special solution 
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And S, C satisfies with Mobious transformation 
invariance,  
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In next section, we concentrate on taking the 
singularly perturbed Boussinesq equation as an example, 
the truncated invariant expansion is used to find out 
some approximate solutions. In some special cases, the 
approximate solutions are just the exact solutions of 
singularly perturbed Boussinesq equation. 

2 The truncated invariant expansion 

The singularly perturbed Boussinesq equation[13] 
22 2 0,tt xx x xx xxxx xxxxxxu u u uu u uν+ + + + + =  (7) 

where ν  is arbitrary constant. 
Using the leading order analysis first, substituting 

eq. (7) into eq. (2), we can find that eq. (2) should have 
the form 

0 31 2
44 3 2 .

u uu u
u u

ξξ ξ ξ
= + + + +  (8) 

In order to balance the effects of the nonlinearity, 
and those of the dispersion in positive and negative 
directions. Substituting the truncated expansion eq. (8) 
into the singularly perturbed Boussinesq equation and 
canceling the coefficients of iξ ( 9, 8, 7, 6, 5i = − − − − − ), 
yields five further constraints 
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2 01800 120 0.xx xxu uν + =   (13) 
According to the above five further constraints, it 

is easy to find out all possible solutions of the over- 
determined constraint equations.  

As in truncated expansion approach, we consider 
only the 0 0u ≠  on these constraint equations. After a 
series of complicated calculations and some simplifi- 
cations, the final result can be written as 

0 840 ,u ν= −  1 0,u =  (14) 

2 560 140 /13,u Sν= − −  (15) 
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3 140 ,xu Sν=  (16) 
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2.1 The first kind approximate solution 
When 4 0u = , substituting eq. (6) into eq. (17), we 

can get 
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2 2507 0.t xνφ φ =  (18) 

Obviously, ( )kx te ωφ +=  is the solution of the above 
eq. (18), where k  is arbitrary constant,   
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 (19) 
Let ( )kx te ωφ +=  do Mobious transformation, taking 

the form 
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Since φ  satisfies Mobious transformation 
invariance, we can see that 1φ  is also the solution of 
the above equation eq. (18). 

Until now, 0 1 2 3 4, , , ,u u u u u are all known to us, next 
we only need find out ξ . We can get our wanted 
answer from eq. (3), eq. (4) and eq. (6),  
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Substituting 0 1 2 3 4, , , ,u u u u u ,ξ , eqs. (6), (20) into 

eq. (8), the approximate solution can be written as 

 4 3 2 2 2

2 2 2
0

4 3 2 2 2

35 tanh[( 39
26

49686 5460 93 1521

78 )/78 ] {2 52 39 tanh[( 39

49686 5460 93 1521

u kx

k k kt

t k k kx

k k kt

ν

ν ν ν ν

ν ν ν ν ν

ν ν ν ν

= − ± +

− + + − ±

− + ± +

− + + − ±

 

2 2
078 ) / 78 ] ]},t kν ν  (22) 

where 0, ,k tν  are all arbitrary constants. 
Substituting eq. (22) into eq. (7), we know that 
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2403 31) 0.kν + =  (23) 
It is easy to find out the relationship between ν  

and k , 
1 .
13

k
ν

= ±
−

 (24) 

Substituting eq. (24) into eq. (22), the result is the 
exact solution of the singularly perturbed Boussinesq 
equation, reads 

2
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where 0, ,k tν  are all arbitrary constants. 

And let 1/13ν = − , 0 0t = , thus we can get two 
exact solutions 
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When 1k ≠ , since k  is arbitrary, in this case, we 
have an infinite number of approximate solutions. But 
we only need find a more reasonable approximation of 
the solution. After analysis, the closer to 1, the selected 
k  is, the more precisely approximate solution we will 
get. Taking into account the convenience of calculating 
at the same time, let k =6/7, we get two approximate 
solutions 
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2180 3 163878[cosh( ) 1]
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2.2 The second kind approximate solution 
When 3 0,u = 4 0,u =  substituting eq. (6) into eq. 

(16), it is easy to get for us 
34 3 0.xxxx xxx xx x xxφ φ φ φ φ− + =  (30)  

In the same way, ( )kx te ωφ +=  is also the solution 
of the above equation, so we can get ω , but the got ω  
is arbitrary, let φ  do Mobious transformation 
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with the same point of view, 2φ  satisfies eq. (30). 
Next, we only need find out ξ  substituting eq. (6) 

and 2φ  into eq. (3), eq. (4), we know that 

0
2 coth( )
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kx t t

k
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Now substituting 0 1 2 3 4, , , , ,u u u u u ξ , eq. (6), eq. 
(31) into eq. (8), says 
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2 2
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where 0, ,k tν are all arbitrary constants. Since ω is 
arbitrary, let 06 / 7, 1/13, 6 / 7, 0,k tν ω= = − = = we 
have a reasonable approximate solution 
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2.3 The third kind approximate solution 
When 3 40, 0u u= ≠ , in accordance with the same 

principle of the case when 3 40, 0u u= = , substituting 

0 1 2 3 4, , , ,u u u u u , eq. (6), eq. (31) and eq. (32) into eq. (8), 
the final approximate solution can be written as 
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where 0, ,k tν  are all arbitrary constants. Since ω  is 
arbitrary, after some simplifications, we can get an 
approximate solution, when 

06 / 7, 1/13, 6 / 7, 0,k tν ω= = − = =   
that is to say 
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Substituting eq. (35) into eq. (7), we know 
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From the above equation, k  can be expressed 
with ν ,  

1 / 13k ν= ± − . (38) 
Substituting eq. (38) into eq. (35), exact solution 

can be written as   
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Let 01/13, 6 / 7, 0,tν ω= − = =  we can get an 
exact solution 

2 41138 105 3 105 3tanh( ) tanh( ) .
637 13 2 7 26 2 7

x t x tu = − + + +  

 (40)  
In approximate solutions (28), (29), (34), (36) and  
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Fig. 1  The profiles are given by Eqs. (28), (26), 
(29), (27), (36), (40), (34), respectively 

exact solutions (26), (27), (40), the parameters control 
the shape and the position of the localized mode, 
respectively. Correspondingly, the profiles of several 
specific external potentials are shown in Figs. 1. 

3 Summary 

In this paper, we have proposed the truncated 

.                
solution (28) solution (26) 

               
solution (29) solution (27) 

               
solution (36) solution (40)  



 
132 宁波大学学报（理工版） 2012  

 

invariant expansion to solve integrable or non-integrable 
nonlinear models. Taking the singularly perturbed 
Boussinesq equation as a concrete example, we have 
obtained three kinds approximate solution of this model. 
In some special cases, if the arbitrary constants are 
selected suitably, the approximate solutions may become 
exact. Moreover, applying the same idea to other 
common nonlinear equations, we can also find this quite 
universal expansion approach which is valid for various 
nonlinear PDEs.  
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通过截断不变展开求奇异扰动 Boussinesq方程的近似解 

吴江龙 

（宁波大学 理学院, 浙江 宁波 315211） 

摘要: 由于非线性偏微分方程的复杂性和非线性性, 很难求出它们的准确解, 因此某些合理近似以及通过
截断不变展开求解实非线性系统是被考虑和建议的. 文中一个简单截断不变展开及其一个普遍的赝势被
用于奇异扰动 Boussinesq方程, 可以得到该方程的近似解, 在某些情况下, 这些解亦为准确解. 
关键词: 近似解; 截断不变展开;  Boussinesq方程 
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