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Abstract: Up to now, the stability problem of mild solution for the impulsive stochastic system with

Poisson jumps has not been solved. In this paper, based on fixed point theory, the stability of mild solutions

for impulsive stochastic delay partial differential equations with Poisson jumps is studied, and a number of

sufficient conditions are obtained to ensure the expected results. In particular, by taking the Poisson jumps

into consideration, the conclusion derived from this work generalizes the results obtained using Luo’s

publication.
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It is well known, stochastic partial differential
equations can be widely used to study many problems in
science and engineering. And the qualitative properties
of solutions of stochastic partial differential equations
have been considered by many authors. As we know, it
is impossible to analyze the stability of mild solutions to
stochastic  differential equations with delays by
Lyapunov’s method since It6 formula is not suitable for
mild solutions. Thus, it is necessary to find good ways
to solve this problem. Recently, Lin'"! investigated the
stability of mild solutions of stochastic delay differential
equations by using the approximating system and the
limiting argument. Based on the technique of stochastic
integral and Gronwall inequality, Caraballo et al”
studied the exponential stability of mild solutions to
stochastic partial differential equations with delays.
Later, Luo" also solved the same problem by using

fixed point theory.
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In recent years, Poisson jumps have been gained
much attentions since Poisson jumps not only exist
widely but also can be used to study many phenomena
in the real lives. Therefore, it is necessary to consider
the Poisson jumps into the stochastic system. On the
other hand, except stochastic and delay as well as
Poisson jumps’ effects, impulsive effects is likely to
exist widely in variety of evolution processes in which
states are changed abruptly at some moments of time,
including such fields as finance, medicine, electronics
and mechanic, etc. Therefore, it is natural to consider
the effect of impulsive when studying the stability of
stochastic partial differential equations. For instance,
Luo and Liu" studied the exponential stability of mild
solutions to stochastic evolution equations with Poisson
jumps and Markovian switching, meanwhile, based on
comparison principles, some stability criteria were

obtained. Furthermore, by estimating the coefficients
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functions in the stochastic energy equality, in Hou et al®™),
the exponential stability of energy solutions for
stochastic partial differential equations with variable
delays and jumps is discussed, besides, Hou et al™
studied almost surely exponential stability of energy
solutions for the system considered by Borel-Cantelli
lemma and Chebyshev inequality.

Motivated by the above discussion, in this paper
we study the stability problem for a class of impulsive
stochastic partial differential equations with delays and
Poisson jumps. The main aim is to close this gap
between impulsive stochastic partial differential
equations with delays and Poisson jumps. We prove that
the mild solution to a class of impulsive stochastic
partial differential equations with delays and Poisson
jumps is not only existent and unique but also pth
moment exponentially stable by using fixed point

theory.
1 Preliminaries

Throughout this work, we use the following
notations. Let {Q F,P} be a complete probability
space with a filtration {F},_, satisfying the usual
conditions. Then, let H,K be two real separable
Hilbert spaces and we denote their inner products by
[[“ll»1-|lx  respectively. L(K,H) denotes the set of
all bounded linear operators from K into H , and we
denote the notation ||-|| for the norm of L(K,H). In
this paper, we always use the same symbol ||-|| to
denote norms of operators regardless of the spaces
potentially involved when no confusion possibly arises.
Let W(¢t) be a Wiener process defined on {Q F,P}
and take values in the separable Hilbert space K , with
covariance operator O'°. Furthermore, Let 7 >0 and
D:=D(-7,0;H)
right-continuous functions with left-hand limits ¢
from [-7,0] to H , and D
equipped with the norm || ¢, =sup__, | 9(9) [, -
Using Dﬁo([—r, 0 H) to denote the family of all almost

denotes the family of all

is supposed to be

surely bounded, F,-measurable, D([-7,0];H) -valued

random variables. 4 is the infinitesimal generator of
some C,-semigroup of bounded linear operators 7'(¢),
t=0 on H,and D(4A)c H .

Let N(dt,du):= N(dt,du)—drv(du) is a Poisson
random measure with parameter dfv(du), where f€R,
uek.

In this work, we consider the following semilinear
impulsive stochastic partial differential delay equations
driven by Poisson jumps

dx(2) = [Ax(2) + f (t,x(t = p(1))]dz +

g(t,x(t—5(t)))dW(t),+IK h(t, x(t = B(1)),u)-

N(dt,du),t=>0,t %1, (1)
Ax(t,) = x(t;)—x(t,) =1, (x(¢,)), t =t,,

k=1,2,--,m, )
x,()=¢&e Dy ([-7,0} H), 3)

where the mappings

SR xD([-7,0L, H) > H,

g:R xD([-7,0L; H) > L(K,H),

h:R xD([-7,0; H)xK - H,
are all Borel measurable; p,d, f: R —[0,7] are
continuous; [, : H — H . Moreover, x(¢,) and x(z;)
denote the right-hand and left-hand limits of x(¢) at
time f=t, respectively, and the fixed moments f,
satisfy 0<¢ <---<t, <lim,  t,=00; Ax(t)=x(t)—
x(¢,) denote the jumps in the state at time ¢, with I,
which determine the size of the jumps, k=1,2,---,m.

Now, we introduce the definition of mild solution
for stochastic system (1) (3) and recall the definitions
of pth moment exponential stability and almost surely
p th moment exponential stability.

Definition 1 A stochastic process {x(¢),t €[0,T]},
0<T <+w, is called mild solution of Eq. (1) (3) if

(1) x(¢) isadaptedto F,t=0;

(1) x(¢)e H 1is continuous on ¢€[0,7] almost

surely, and for each 0<¢<T,
3(0) = T(OEO) + [ T(t=5)/ (5, x(s = pls))ds +
[T =5)g(s,x(s = 5(s))am (s)+
[0, T =s)(s,x(s = B(s)),10) N (ds, du) +
2 T=1)L,(x(1)), “

0<y, <t
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and x,()=¢e DZO ([-7,01,H) .

Definition 2 Let p>=2. Eq. (4) is said to be
exponentially stable in the pth moment, if for any
initial value &, there exist a pair of positive constants
A>0 and L>0 such that

E| x| <L|&llpe™, t=0. ®)

Definition 3 Let p>2. Eq. (4) is said to be
almost surely exponentially stable in the pth moment
if there exist A >0 and T(w)>0 such that

| x(t)|h<e*?e™?, as.foras t>T(w). (6)

Moreover, in order to study the stability of the
system (4), we impose the following assumptions:

HY) |TO |, < Qe Vt=0,

where O=1 and a>0;

H2) 1 /@0~ fE <Lyl x=ylly, V=0,

x,y€ H,where L >0;
(H3) gt x)- gty I< Ly [ x =yl
Vt=0,x,ye H, where L,>0;

(H4) [ [1h(t,x)=h(t, )l v(du) < Ly | =y |,
Vt=0,x,y € H,where L,>0;

(H5) E[ [ I14(s, x(s = B(s),u)l, v(du)ds < oo,
V=0,

(HB) E[, [l s.x(s = Als)u) [, v(diu)ds <oo,
V=0,

HN) 1L =L WD < llx=y 4
Vx,ye H, where ¢, >0,k=12,---,m.

2 Exponential stability of impulsive
stochastic system

In this section, we will apply fixed point theory to
study the pth moment exponential stability of mild
solution for the system (1) (3). To this end, we shall
assume that for any

t=0, uek, f(¢,0)=0,g(¢,0)=0,A(,0,u)=0,
and [,(0)=0 (k=12,---,m).

When & =0, itis easy to see that Eq. (1) (3) has
a trivial solution.

Let B be the Banach space of all F;-adapted

processes @(t,w):[-7,0)x €2 — R . Besides, for any
fixed we 2, @(t,) is almost surely continuous in ¢
and ¢(s,w)=£(s) for s €[—-7,0]. Moreover, there exists
some b (0<b<a), such that eb’EIIgo(t,w)H,’_’,—) 0
as t—o and €” /(a-b)<l/a.

Theorem 1l Let p=>2 and suppose that (H1)
(H7) hold, then Eq. (4) is exponentially stable in the

p th moment if
5770 (La? + LC M ,(1/a)+

LPC M, (1 a)y+m" Y qf)<1, (7)

k=1
hold, where C, =(p"" 12(p-1)"H"*, M, =Q2a(p-
D/ (p-2)"""2.
Proof We define an operator ¥ :B— B by
(Px)t)=0(), for te[-7,0],and for t=0,

()(0) =T(VEO)+ [ Tt =) f (5,x(s ~ p(s)ds +
[ 7(=5)g(s,x(s = 5(s))am (s)+
Jo ], T = 5h(s.x(s = Bs)u) V(. du) +
X T=t)1 (x() =

0<t <t
E @)+ F,(1) + E (1) + F, (1) + F5(1). ®
In what follows, we will divide the proof into three
steps.
Firstly, we prove that ¥ is continuous in the
pth moment on [0,0). Let xeB, t,=0 and |r|

be sufficiently small, then
EN(Fx)(t, +r) = (#x)(1) Iz <

5
ST ENF (t+ 1) = (1) |l -

i=1
It is easy to derive that
im E[| Fi(t, +7) = E () Iy =0, =1,2,5. ®
Moreover, we obtain
E| Fy(t,+r) = F (1) [l <
27E| [ (T +r=9)-T(t, ~5)-
g(s,x(s=8(s))AW () [I;; +
27 EN [T T +r-s):
25, x(s =S () [, (10)
Ef F,(ty +r) = F(4) Iz <

2E| [ [ (T +r=9)=T(t, —5):
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h(s,x(s = B(s)),u)N(ds,du) |I5; +
27BN [ ] Ty +r=s)-

h(s, x(s = B(s)),u) N (ds,du) |1 . an
Hence, from (10) and (11) , it is easy to know
lim E || F; (1, +r) = F,(t) Il = 0,/ = 3,4, (12)

which together with (9) yields that # is pth moment
continuous.
Next, we show that ¥(B)c B. Using (8), we
have
E| ()0 [ <
57" E|| T()E(0) |7, +5""e™ -

E|| [ T(=5)1 (s, x(s = p(s))ds |l +
57 E | T(t-5)g (s, x(s=5(s))AW () +

SEN [ [ T s)h(s,x(s = Bls)u)-
N(ds,du) ||, +5"€"E|| Y. T(t-t,)-

0<r<t
LG =, O+, (0 + () +
J(HJ5(2). (13)
Obviously, using assumption (H1), we have
J, () <5707 | £(0) ||y <
5P1QPe | E|P—>0,as ¢ —> 0. (14)
From assumptions (H1) and (H2) as well as
Hoélder’s inequality, we obtain

L)< Q" L B[, ¢ ||x(s - p(s)], ds)' <

t "
57710 Lia" e [ & E | x(s —p(s)) [l ds<
51)—1QpL{7a]—pebre—(a—b)t J.Ot e(a—b)xeb(s—p(x)) .

E || x(s = p(s)) [[}; ds. (15)
Then for every x(t)e B and every &>0, there
exists some ¢ >0 such that
POE || x(t- p) |l < €,
for t=1.So (15) yields

- - ~(a=b)t [ (a=b)s b(s—p(s))
J, (1) <57 ”L”al”ehre(“b)’J. el =)
(<5 Q"L 0

Ellx(s = ps) s + 57 Q7 Liaree -+
I [P | (s — p(s)) |15 ds <

4

gp-] Qpra]—pebzef(afb)tjtl P43 =P (5
|
0

E|lx(s—p(s) [ ds+5"'0 Lra e, (16)

Based on (7) and lime " =0, it is easy to see
1>

that there exists some ¢, =¢ such that for any 7>1¢,
the following holds
5707 a" oo J i o83 hls=p(5)) |
0
Ellx(s—p(s) [l ds < -5 Q" L2a™"e. (17)
By the above and (16), we obtain
limJ, (f) = im 5" " E | jo T(t—s)-
>0 t—0
F(s.x(s = p(s))ds [l =0. (18)
Further, for every x(¢)e B, t€[0,0) and p>2,
we obtain
J3 (l) < 517*1 QPL‘ZC ebt[r efza((p*l)/(p72))(H)ds](p*2)/2 .
P 0
[l e E | x(s =)l ds <
Spfl QpL;zchMpebref(afb)/ J‘(: e(afb)seb(sfé(s)) B
E || x(s=5(s)) [l ds, (19)
p—1 /2 b 1 —a(i-s)
J (<5707 LPC M e jo e
E||x(s=B(s) |7, ds <5707 L1°C,, -
M ebref(afb)!.r e(afb)xeb(sfﬂ(s)) .
p 0
E || x(s = () I3 ds. (20)
It is easy to see when p =2, inequality (21) and

(22) also hold with 0°:=1. Thus, for any p=>2, we

obtain
Jy() <57 QPLEC M e "
[ye et IE [ x(s o) I ds, (@1
J()<5"QVLPC M e e
t
[[e“ e POR | x(s= Bl I ds . (22)
As in the proof of (18), it follows from (21) and
(22) that
lim.J, (1) =lim5" " E | [ T(c-s)-
t—o t—o0 0
g(s,x(s = 5(s))dW (s) I3 =0, (23)
limJ, (1) =lim5" " E | [ [ T(t~s)-
10 4 t—o 0JK
h(s, x(s = B(s)),u)N(ds,du) |17, 0. (24)
By assumptions (H1) and (H7), we can easily
obtain that

Js(O<5""m" 07" Y e T gL Ellx ()Nl . (25)
k=1

thus, the following holds

limJ,(r) = lim5"'¢"" -
>0 >0
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E|| X Tt (x(t) 7, =0.

O0<t <t
Obviously, from (13), (14), (18), (23), (24) and
(26), we know that e”E||(¥x)®)|,—>0 as t—>x,

so we can conclude that ¥(B)c B.

(26)

Finally, we verify that ¥ is contractive. Similar
to the above discussion, for any x,ye B and fixed

T €(0,) , we obtain
E sup | (#Fx)(@) = (Fy)O) |l <

O,xE s{t;[;] | x(@) =y 5, @7)

where

0, =4""0"(L{d"" + LLC M ,(1/ a)+
L*C M, (1/a)+m" ) ql),

k=1
by using this fact and (7), we verify that ¥ is a
contraction mapping. Based on contraction mapping
principle, we obtain that % has a unique fixed point
x(t) in B which is a solution of Eq. (4). Moreover,
x(5)=£(s), se[-7,0] and €"E|x(t)|/,—0 as t—
. Thus, by Definition 2, we know that Eq. (4) is

, Luo

p th moment exponential stability. The proof iscompleted.
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