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Abstract: A simplified form of r-circulant matrices is investigated, and a new algorithm to compute the

square roots of r-circulant matrices is obtained using the properties of r-circulant matrices. In stead of

calculating the eigenvalues of the r-circulant matrices, the proposed method only needs inter-matrix

multiplication in its iterative sequence.
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The r-circulant matrices is a kind of important and
special matrices which are applied in many areas of
digital image processing, linear predicting, engineering
calculation, math CAD. For recent years the properties
and application of them have been extensively
investigated.

Some scholars have given various algorithms for
computing the square roots of r-circulant. In the [1],
A=C/(a,.a,a,---a,,) was given by the following

formula:

n 1 _
A2 Cl (bbb, ),b, =HZ f (Wj)l/ZWj k’
=0

n-1
. no_ _ i .
where w; is the root of X"=r, f(x)= 20 ax, its
iz

time complexity is O (nlog2n), unfortunately, the
computational complexity of these algorithms are very
amazing with the order of matrix increasing. The
purpose of this paper is to obtain better results for
computing the square roots of r-circulant matrices, on
the basis of the reduced form of A, and an operation

which can be done very efficiently on modern high
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performance computers. This method is popularized
from [2].

In the paper, we first construct the reduced forms
of r-circulant matrices. Then we show that the problem
of computing the square roots of a r-circulant matrix A
can be reduced to that of computing the square roots of
two half size matrices B—~/rCand B++/rC. On the
basis of these discussions an efficient algorithm is
presented to computer their square roots respectively. In
the next section, we review some basic definition and
notation. In section 3, we investigate the properties of
r-circulant matrices, then discuss the form of square
roots of r-circulant matrices and present an algorithm to

solve the primary square root.
1 Preliminaries

Definition 1¥)  An nxn matrix A=[a ], is

called a r-circulant matrix if it is the form of

a _ aj_iaj>ia
" ra, L j<i

n+j—i?
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Obviously the r-circulant matrix A is determinated
by parameter I and its first row elements a,,a,, -, 8,
then we denote A=C/(a,,a,,---,a,,).

Especially let r=1, the matrix A is called a circulant

n-12

matrix.

Lemma 1°' Let Ae C™ be a r-circulant
matrix, then (i) If A is nonsingular, then A is a
r-circulant matrix. (i) Let BeC™" be an r-circulant
matrix, then AB and A+B are also r-circulant matrix,
furthermore AB=BA.

For simplicity, we restrict the case of n=2m and
r=0 in the following. Using the partition, the nxn

r-circulant matrix A can be described as

A B C M
“\rc B/
where B and C are mxm matrix.
Define
S:(—I/I\/Flm 1/\I/F|m} )

from S, we can obtain
ol —Jri21, 1721,
Jooag,o21)

where | is an m th unit matrix.

By using (1) (3), we can obtain the following:

Lemma?2 IfAis an r-circulant matrix, then

S™'AS =diag(H,L), “)
where H=B-+rC and L=B++rC. We call the
matrix of the right side of (4) the reduced form of the

r-circulant matrix A.

Corollary 1 r=1, let
| |
Szp:%?[r Im} S™'AS =diag(H, L),

where H=B-C,L=B+C.
Proof It can be obtained from [2].
Definition 2 Matrix function via Hermite
interpolation''. Let g be defined on the spectrum of
AeC™ and let w be the minimal polynomial of A.
Then g(A):=P(A), where P is a polynomial of degree

less than Z; n, =degy that satisfies the interpolation

2012
conditions
PP(2)=9"(4),
j :0, 13"',ni —1, | :1’2’...’5.

There is a unique such P and it is known as the
Hermite interpolation polynomial.

Lemma 3 Let the nonsingular matrix AeC™"
have the Jordan canonical form Z'AZ =J =diag(J,,
Jy,+Jd,), and let s<p be the number of distinct

eigenvalues of A. Let

L= L0 ()=
. g™ (4)
9(4) 9'(4) oD
f(h) : ,
' 9 (4)
9(4)

where g(x)=x"?, then A has precisely 2° square
roots that are primary functions of A, given by
X, = Zdiag(L", L0V, L))z, j=1:2",
corresponding to all possible choices of j,, -+, j,, J, =1
or 2, subject to the constraint that j, = j, whenever
A=Ay
If s<p, A has nonprimary square roots. They form
parameterized families
X,(U) = ZUdiag(L", L2 - Lyu 'z,
j=2°+1:2P,
where j, =1 or 2, U is an arbitrary nonsingular matrix
that commutes with J, and for each j there exist i and
k , depending on j, such that A =4, while j, # j,.
2 The square root of r-circulant
matrices

In this section we will discussion the square roots
of r-circulant matrices.
A = CI’IXFI

r-circulant matrix and let X*>=A, where X are the

Theorem 1 et be a nonsingular
primary function of A. Then all square roots X are
r-circulant matrices.

Proof By assumption, X*=A and X =g(A),
here g(x)=x"> which are clearly defined on the
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spectrum of A, including the case that the eigenvalues of
the matrix A are the complex numbers. From Definition
2, we can construct a polynomial P such that
P(A)=g(A). In terms of Lemma 1, the polynomial
X =P(A)

r-circulant matrix.

1S an r-circulant matrix since A is an

AeC™
matrix. If A has an r-circulant square root, then each
B—+/rC and B++/rC inLemma 2 hasa square root,
respectively.

Proof Note first that A has the reduced form (4).

Theorem 2 Let be an r-circulant

From hypothesis, denote an r-circulant square root of A
by X . By Lemma 2, there holds

S7X S = diag(X,, X,), (5)
where S is defined by the relation (2). In fact, XN *=A,
implies that X; = B—+/rC and X; = B++/rC hold
simultaneously, that is, X, and X, are square roots
of B-vrC and B++/rC , respectively.

Note that the relation (5) shows that the problem of
computing the r-circulant square root of a r-circulant
matrix AeC’™*" can be reduced to that of computing
the square roots of two half size matrices B — Jrc and
B++/rC,where X?=B-+/rC and X2=B++/rC.

By Lemma 3 and Theorem 1, we get that any
nonsingular r-circulant matrix always has a circulant
square root. Generally, a nonsingular r-circulant matrix
A, besides the r-circulant square roots, possibly has
other kinds of square roots, which are not primary
functions of A. The existence and the families of square
roots depend on the spectrums of H and L in (2). The
following the theorem gives a classification of the entire
square roots of a nonsingular r-circulant matrix.

Theorem 3  Let the nonsingular r-circulant
matrix A € R™ have the reduced form (1). Assume
that M has s distinct eigenvalues and N has t
distinct eigenvalues. Let M =2,J,,Z, with J,, =
diag (J,,J,,---,J,) the Jordan decompositions of M ,
and let N=2,J,Z; with J, =diag(J1,d2,-Jn) be

the Jordan decompositions of N .

Let |o(M)no(N)|=a, where o(M) denotes

the spectrum of matrix M , then A has 2%

r-circulant square roots that are primary function of A,

given by

X =PzLZ'P", (6)
with

7 = diag(Z,,.Z, ), L=diag(L,, Ly), %

where Lu denotes a square root of J,,, which is a
primary function of J,, , and IA_N denotes a square
root of J, which is a primary function of J . If
S+t<l+h, A has nonprimary square roots which

form 2" —2%""“ parameterized families given by

X(U)=PZULU"'Z'P", )
where Z, IA_ are defined in (6) and U is an arbitrary
matrix that commutes with J =diag(J,,,J, ).

Proof According to the hypothesis diag(M,N )
has s+t—a distinct eigenvalues and |+h Jordan blocks.
Then by Lemma 3, we can get that A has 2°"“
square roots which are a primary function of A and take
the form (6). By Theorem 1, the square roots are r-circulant
matrices. Using Lemma 3 again, we can get form (8)

Algorithm Compute a primary square root of a
nonsingular r-circulant matrix AeC™".

Step 1
diag(H,L) in (8).

Step 2 Compute the Schur decomposition T, =

Compute the reduced form S™'AS =

ULJHU, and T, =U[LU,, respectively, where T,
and T, are two upper triangular matrices.

Step 3 Compute the upper triangular square roots
P,=9(,) and P =9(T,) , where P, has n/2
distinct eigenvalues and so does P, here g=A1"" is
defined on A € o(diag(T,,,T,)).

Step 4 Compute X, =U,P,U}
uU.Su,..

Step5 Obtain X = Sdiag(X,,,X,)S".

The time complexity of calculating the circulant

and X, =

matrix square root is 15/2n° +O(n*) in [2], and the
change of time complexity caused by r can be ignored,

so its time complexity is also 15/2n° +0(n?).
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