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1 Introduction 

Regarding the duality theory of martingale Hardy 
space s

p H  associated with the conditional p-variation 
function, in the setting of real-valued martingales, it was 
proved by Herz[1] that the dual space of one-parameter 
martingale Hardy space 2 1 ( )sH R  is 2 ( )BMO R . In 
addition, under the conditions of an atomic σ-algebra 
sequence, Herz[2] proved that the dual space of 2 ( )sH R  
in the case of 0 1 ≤  is equivalent to r-ordered 
squared Lipschitz space 2, ( )rL R  with 1/ 1r   . 
Employing the technique of atomic decomposition, 
Weisz[3] proved that the result is also true for an 
arbitrary σ-algebra sequence. Similar results of two- 
parameter martingale and two-parameter strong 
martingale Hardy space 2 ( )sH R  were proved by 
Weisz[4-5]. As for B-valued martingales setting, Yu[6] 
studied the dual space of the one-parameter B-valued 
martingale Hardy space ( )s

p H B  in the case of 

0 1 ≤ . Ma et al[7] investigated the dual space of the 
one-parameter B-valued martingale weak Hardy space 

( )s
pw H B  in the case of 0 1 ≤ . But the problem 

about the dual of two-parameter B-valued martingale 
Hardy space ( )s

p H B  for 0 1 ≤  still remains 
unresolved. 

The main purpose of this paper is to characterize 
the dual of two-parameter B-valued martingales Hardy 
spaces ( )s

p H B  for 0 1 ≤ . The results extend the 
corresponding known theorems from two-parameter 
real-valued martingale setting and one-parameter 
B-valued martingale setting to two-parameter B-valued 
martingale setting. 

2 Preliminaries and notations 

Let ( , , )F P  be a complete probability space 
and ( ,|| ||)B   denote a real separable Banach space with 
dim B≥ 2. Let 2{ , }nF n N  be a family of non- 
decreasing sub- -algebras of F with respect to the 
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partial ordering on 2N  such that 
2

( )n
n N

F F


  . Set 

1 21 1, 1n n nF F   , the expectation operator is denoted by E, 
and conditional expectation operators with respect to 

nF  and 1nF   are denoted by nE  and 1nE  .  
An integrable B-valued sequence of functions 

2( , )nf f n N   is said to be a martingale if it is 
adapted to 2{ , }nF n N  and n m nE f f  for all n≤m. 

We define the sequence of martingale differences 
2( , )ndf df n N   as follows: 

1 2 1 2 1 2 1 2

1 2

, 1, , 1 1, 1 1 2

0, 0,
, 0.n

n n n n n n n n

n n
df

f f f f n n   

    
 

And set 
1 1, , 1 0 { , }i iF F F F        , 

1 1, , 1 0 0i if f f f      . 

A function   which maps   into the set of 
subspaces of 2 { }N   is said to be a two-parameter 
stopping time relative to 2{ , }nF n N  if for all   , 

( )   are incomparable and for any 2n N , { :   
( )} nn F   . The set of all two-parameter stopping 

times will be denoted by 2T . It is easy to see that 

2T   iff { } nn F ≤  for all 2n N . Furthermore, 

1{ } nn F  2( )n N  if 2T  . 
For a martingale 2( , )nf f n N   and stopping 

time  , the stopped martingale ( ) ( ) 2( , )nf f n N    is 
defined by  

( ) ( )n m
m n

f m df    
≤

, 2n N . 

For a two-parameter B-valued martingale ( ,nf f  
2 )n N  and 1 p  ≤  we denote by *f , ( ) ( )ps f  

and || ||pf  its maximal function, conditional p-variation 
function and pL -norm as follows:  

* sup || ||n i
i n

f f
≤

, 
2

* sup || ||n
n N

f f


 ,  

( ) 1/
1

0

( ) ( || || )pp p
n i i

i n

s f E df 
≤≤

,  

2

( ) ( )( ) sup ( )p p
n

n N
s f s f


 , 

2
|| || sup || ||p n p

n N
f f


 . 

Then, for 0  ≤ , we define Hardy spaces of 
two-parameter B-valued martingales by 

*
* *

( )
( ) { :|| || || || }

H B
H B f f f


     ,  

( )
( )

( ) { :|| || || ( ) || }s
p

s p
p H B
H B f f s f


     , 

2

1/
( )( ) { :|| || sup[ (|| || )] }L B n

n N
L B f f E f



 



    . 

Similar to real-valued martingales, in the case of 
1≥ , ( )s

p H B  are Banach spaces, and in the case of 
0 1 ≤ , ( )s

p H B  are quasi Banach spaces. 
To characterize the duality of the spaces ( )s

p H B , 
for any 1 p    and 0≥  we define the Campanato 
spaces of two-parameter B-valued martingales by 

,, ( )( ) { :|| || }
pp L BL B f f
    , 

,
, ( )

( ) { :|| || }s
p

s
p L B

L B f f


    , 

with 

, 2

1
( )

( ) ( )|| || sup ( ) || ||
p p

p
L B L B

T
f P f f









 



    , 

, 2

1
( ) ( )

( )( )
|| || sup ( ) || ( ) ||s pp

pp
L RL B

T
f P s f f









 



    , 

where we also define the BMO spaces by 

( )
( ) { :|| ||

BMO B
BMO B f f


    

1/sup || (|| || ) || }n n
n

E f f  
   ;  

( )
( ) { :|| || s

p

s
p BMO B
BMO B f f


    

( ) 1/sup || [|| ( ) || ] || }.p
n n

n
E s f f  

   

For any Banach space B, it is easy to prove that 

,0 ( ) ( )p pL B BMO B  and ,0 ( ) ( )s s
p p pL B BMO B , the 

results are similar to real-valued martingales. 
Two normed or quasi-normed spaces X  and Y  

are equivalent (or X Y  and || || || ||X Y    in symbols) 
if and only if X  and Y  are isomorphic and their 
norms or quasi-norms are equivalent, i.e. there exist 
constants 1 2, 0C C  , such that for all f X , 

1 2|| || || || || ||X Y XC f f C f≤ ≤ .  
The dual of a normed or quasi-normed space X  is 

denoted by *X , we call Y  the dual space of X  if 
*X Y . 

In this paper, we use C  for the constants which 
can have different values in different places. 

3 Dual space 

In this section, we will describe the dual of 
two-parameter B-valued martingale Hardy space 

( )s
p H B  for small index 0 1 ≤ . 
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Definition 1[8]  A two-parameter B-valued mar- 
tingale 2( , )na a n N   is called an atomic martingale 
of the type ( ) ( , )s pA    (1 ,p    0 )   , if 
there is a corresponding stopping time 2T  , such that  

(i) 0na  , if n  , 0n ≥ ;  
(ii) ( ) 1/|| ( ) || ( )ps a P  

  ≤ . 
Lemma 1[8]  Let 1 p   , 0 p ≤ , B is a 

Banach space. Then, for every two-parameter B-valued 
martingale 2( , ) ( )s

n pf f n N H B   , there exists a 
sequence of type ( ) ( , )s pA    atomic martingales ( ){ ka   

( ) 2( , )}k
n k Za n N   with the corresponding stopping time 

k  and a sequence of positive numbers { }k k Z l   , 
such that for all 2n N  

( )k
n k n

k Z

f a


 , a.e., 

and  
1/

( )
|| || inf( )s

p
kH B

k Z

f


 


   , 

where the infimum is taken over all such decompositions 
of f  of the form (1). Furthermore, all of the atomic 
martingales ( ) ( ) 2{ ( , )}k k

n k Za a n N    belong to the 
space ( )s

p H B  too. 
Lemma 2  Let B be a Banach space, 1 p   , 

0 1 ≤ , then ( )s
p pH B  is dense in ( )s

p H B . 
Proof  For any two-parameter B-valued martingale 

2( , ) ( )s
n pf f n N H B   , by lemma 1, there is a 

sequence ( ) ( ) 2{ ( , )}k k
n k Za a n N    of atomic martingales 

of type ( ) ( , )s pA   , such that for all 2n N , 
1( ) ( )( ) ( )k kk

n k n n n
k Z k Z

f a f f  

 

    , a.e. 

For any natural number N, define martingale 
( ) ( ) 2( , )N N

ng g n N  , such that for all 2n N  and 
( ) ( )NN k
n k nk N

g a


 . 
On one hand, since ( )( ) ( ) 2kp k

ns f  ≤ , we have 

1( )( ) ( ) ( ) ( ) ( )( ) ( ) ( k

N N
p N p k p

n k n n
k N k N

s g s a s f  

 

     

1 1( ) ( ) ( ) ( )( ) ( )) ( ) ( )k N N Np p
n n n nf s f f s f       ≤  

( )( ) 1 2( ) 2 2 , .Np N N
ns f n N      ≤  

Then ( ) ( ) 1
( )|| ( ) || 2 2

p

p N N N
L Bs g    ≤ . Therefore, 

( ) ( )N s
p pg H B . 

On the other hand, for any 2n N , we have fn- 

1( ) ( )( ) ( ) ( )N N
N

N k
n n k n n n n

k N
g f a f f f   



     , and  

1( )( )
1

1
( ) (|| || )N

n
p p p

n n n i i
i

s f f E d f 




    

1

1

( ) ( )
1

1
(|| || ) ( ) ( )

N

N

n
p p p p p

i i n n
i

E d f s f s f










 


  . (1) 

Because 1N   , a.e. as N   , so ( ) (p
n ns f   

1( ) ) 0N
nf
   , a.e. as N   . From (1), we find that 

1( )( ) ( )Np
n n ns f f    can be majorized by integrable 

function ( ) ( )p
ns f  , and ( )( ) ( ) 2 0Np Ns f   ≤  as 

N   , we conclude that the series ( )N k
k nk N
a

  
converges to nf  in ( )s

p H B  quasi-norm. That is to 
say, the martingale sequence ( )

1{ }N
Ng ≥  converges to 

f  in ( )s
p H B . 

All in all, it is shown that ( )s
p pH B  is dense 

in ( )s
p H B . 

Lemma 2 is proved. 
Theorem 1  Let B be a Banach space, 1 p   

 , 0 1 ≤ , then ( ) * *
, ( ) ( ( ))s q s

q pL B H B  , where 
/ ( 1)q p p   and 1/ 1   . 

Proof  By lemma 2, ( )s
p pH B  is dense in 

( )s
p H B . For any two-parameter B-valued martingale 

2 ( ) * ( )
,( , ) ( ), ( ) ( )s q q

n q qn N L B s L R      ; and for any 
two-parameter B-valued martingale 2( , )nf f n N   

( )s
p pH B , ( ) ( ) ( )p

ps f L R . Since for any 2,i j N , 
( )i pd f L B  and *( )j qd L B  , then i jd f d    

,i jd f d    makes sense and satisfies 
| ( ) | | ( , ) |i j i jE d f d E d f d     ≤ 

*( ) ( )
|| || || ||

p q
i L B j L B

d f d    . 

By Hölder inequality, we have 

1 1
| ( ) | | [( )( )] |

n n

n n i j
i j

E f E d f d 
 

     

1
1 1

| ( ) | | [ ( )] |
n n

i i i i i
i i

E d f d E E d f d 
 

    ≤  

1 1

1 1
1

[( ( (|| || )) ( (|| || )) )]
n

p qp q
i i i i

i
E E d f E d  



 ≤ 

1 1

1 1
1 1

[( (|| || )) ( (|| || )) ]
n n

p qp q
i i i i

i i
E E d f E d  

 

    

( ) ( ) ( ) ( )
( ) ( )( ( ) ( )) || ( ) || || ( ) ||

p q

p q p q
n n n L R n L RE s f s s f s ≤ ≤ 

( ) ( )
( ) ( )|| ( ) || || ( ) || , 1

p q

p q
L R L Rs f s n    ≥ . (2) 

Therefore, we can define a bounded linear 
functional ( )l   on ( )s

p H B  as bellow 
( ) ( ) lim ( )n nn

l f E f E f  


  , ( )s
p pf H B  . (3) 
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On the other hand, for any two-parameter B-valued 
martingale 2( , ) ( )s

n p pf f n N H B   , take the same 
stopping times k , atomic martingales ( )ka  and a 
sequence of positive numbers ( )k k Z   as we did in 
lemma 1. Then, for any 1n≥ , we have  

( )( ) ( )k
k n n

k Z
E f E a  



 . (4) 

By a similar derivation as in (2), we also have 
( ) ( ) ( )

1
| ( ) | | [ ( )] | | [k

n
k k k

n n n n n i
i

E a E a E d a  


     

( )

1 1
( )] | [ ( )]k k

n n
k

j i i
j i

d E d a d    
 

    ≤  

( ) 1/
1

1
[( (|| || ))

n
k p p

i i
i

E E d a


  

1/
1

1
( (|| ( ) || )) ]k

n
q q

i j
i

E d  


   

( ) ( ) ( )[ ( ) ( )]kp k q
n nE s a s   ≤ 

( ) ( ) ( )
( ) ( )|| ( ) || || ( ) ||k

p q

p k q
n L R n L Rs a s   . (5) 

From (4) and (5), we get  
( ) ( ) ( )

( )| ( ) | | | || ( ) || || (
p

p k q
n n k n L R n

k Z
E f s a s  



  ≤  

1
( ) ( )

( )) || | | [ ( ( ) ( ))]k

q

p k p p
L R k n k

k Z
E s a   



      

( )
( )|| ( ) || | | [ ( )k

q

p
q

n L R k k
k Z

s P    




    ≤  

1
( )

( )( )] || ( ) ||k

q

qp
k n L RP s         

1 1
( )

( )| | ( )] || ( ) ||k

q

qp
k k n L R

k Z
P s    





       

1 1( 1)
( )

( )| | ( )] || ( ) ||k

q

qq
k k n L R

k Z
P s    

  



       

1
( )

( )| | ( )] || ( ) ||k

q

qq
k k n L R

k Z
P s


   

 



     ≤ 

( ) *
, ( )

| | || || s q
q

k L B
k Z 

 


 . (6) 

Since 0 1 ≤ , by (3) and (6), we have  
( ) *
, ( )

| ( ) | | | || || s q
q

k L B
k Z

l f


  
  



≤ . 

In other words, 
( ) *
,

1/
( )

| ( ) | ( | | ) || || s q
q

k L B
k Z

l f


 
  



≤ . 

That is, 
( ) *
,

1/
( )

| ( ) | inf( | | ) || || s q
q

k L B
k Z

l f


 
  



≤ ≤ 

( ) *
,( ) ( )

|| || || ||s s q
p qH B L B

C f
 

 , 

which demonstrates that the bounded linear functional 
( )l   can be extended from ( )s

p pH B  onto ( )s
p H B  

keeping its norm. This implies that ( ) *
, ( )s q

qL B   
*( ( ))s

p H B . 
Theorem 1 is proved. 
Now, to show that each bounded linear functional 

( )l   in *( ( ))s
p H B  comes from some ( ) *

, ( )s q
qL B   

as ( )l   defined as in theorem 1, a type of mixed spaces 
must be introduced. 

Let ( ( ))pL l B
  denote the spaces of all    

1 2( , , )   , where ( 1, 2,3, )i i    are two-parameter 
B-valued random variables such that each ( ( ))pL l B    
satisfies 

1/
1 ( )( ( ))

1
|| || || ( (|| || )) ||

p

p p
i i L RL l B

i
E


 






   . 

Let us repeat the usual space ( ( ))pL l B  in Ref. 
[9], which is the class of all sequences 1 2( , , )     
such that each ( ( ))pL l B   satisfies 

1/
( ( )) ( )

1
|| || || ( || || ) ||

p

p p
L l B i L R

i
 

 




   . 

Certainly, there exist significant differences 
between the space ( ( ))pL l B

  and the space 
( ( ))pL l B . Nevertheless, as a special case, when 

p  , the space ( ( ))p pL l B  is just the usual space 
( ( ))p pL l B . If B is a reflexive Banach space, then the 

dual space of ( ( ))p pL l B  is *( ( ))q qL l B , where 
1/ 1/ 1p q  . So, similar with lemma 4 in Ref. [9], we 
can get the following lemma immediately. 

Lemma 3  Let B be a reflexive Banach space, 
1 p   . Then, for any bounded linear functional 
( )l   on ( ( ))p pL l B , there exists some *( ( ))q qL l B    

such that 
1

( ) ( )i i
i

l E  




 , ( ( ))p pL l B    with 

*( ( ))
|| || || ||

q qL l B
l  ≤ . 

Lemma 4  Let B be a reflexive Banach space, 
1 p   , 1 2( , , , , ) ( ( ))n p pL l B       . Define 
the two-parameter martingale 2( , )n n N    by 

0 0  , 1
1
[ ( ) ( )]

n

n i i i i
i

E E  


  , 1n ≥ . (7) 

Then ( )s
p pH B  and 

( ( ))( )
|| || || ||s

p pp p L l BH B
  ≤ . 

Proof  It is obvious that 2( , )n n N    is a 
two-parameter B-valued martingale. From (7), for any 
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1i≥ , we get  

1|| || || ( ) ( ) ||p p
i i i i id E E    , 

and  
1

1 1(|| || ) 2 [|| ( ) ||p p p
i i i i iE d E E 
  ≤  

1 1|| ( ) || ] 2 (|| || )p p p
i i i iE E  ≤ . 

Therefore  
1

( )
1

1
( ) [ (|| || )]p p p

i i
i

s E d 





  ≤ 

1 1

1 1
1 1

[2 (|| || )] 2[ (|| || )] .p p pp p
i i i i

i i
E E 

 

 
 

   

Hence,  
( )

( )( )
|| || || ( ) ||s

pp p

p
L RH B

s  ≤ 
1

1 ( ) ( ( ))
1

|| 2[ (|| || )] || 2 || ||
p p p

p p
i i L R L l B

i
E  






  , 

which gives the desired result. 
Lemma 4 is proved. 
Theorem 2  Let B be a reflexive Banach space, 

1 p   , then * *( ( )) ( )s s
p p q qH B H B , where 

1/ 1/ 1p q  . 
Proof  For any *( )s

q qH B  , we define  
( ) lim ( )n nn

l f E f 


 , ( )s
p pf H B  . 

By Hölder inequality, we have 

1 1
| ( ) | | [( )( )] |

n n

n n i i
i i

E f E d f d 
 

     

1
1 1

| ( ) | | [ ( )] |
n n

i i i i i
i i

E d f d E E d f d 
 

    ≤  

1 1

1 1
1

[ ( (|| || )) ( (|| || )) ]
n

p qp q
i i i i

i
E E d f E d  



 ≤  

1 1

1 1
1 1

[( (|| || )) ( (|| || )) ]
n n

p qp q
i i i i

i i
E E d f E d  

 

    

( ) ( ) ( )
( )( ( ) ( )) || ( ) ||

p

p q p
n n n L RE s f s s f ≤  

*
( )

( ) ( ) ( )
|| ( ) || || || || ||s s

q p p q q

q
n L R H B H B

s f ≤ . 

This shows that * *( ) ( ( ))s s
q q p pH B H B . 

Next, we prove * *( ( )) ( )s s
p p q qH B H B . At first, 

employing lemma 4, we can consider ( ( ))p pL l B  as a 

subspace of ( )s
p pH B , which consists of df    

1 2( , , )d f d f  for all martingale 2( , )nf f n N   
( )s

p pH B , and we have 
( ( ))( )

|| || 2 || ||s
p pp p L l BH B

f  ≤ . Now, 

for any *( ) ( ( ))s
p pl H B  , ( )l  is also a bounded linear 

functional on ( ( ))p pL l B . By lemma 3, there exists 

some *
1 2( , , ) ( ( ))q qL l B     , such that 

1 1

( ) ( ) ( ) ( )i i i i
i i

l f l E E d f   
 

 

    ,  

( )s
p pf H B  , (8) 

and it satisfies that 
*( ( ))

|| || || ||
q qL l B

l  ≤ . 

Apply lemma 4 again and replacing B  by *B , 

set 2( , )n n N    with 0 0  , 
1
[ ( )

n

n i i
i

E 


   

1( )]i iE  , 1n ≥ . Then   is a martingale in *( )s
q qH B  

and  
* *( ) ( ( ))

|| || 2 || ||s
q q q qH B L l B

  ≤ . (9) 

Combining (8) and (9), in other word, for any 
*( ) ( ( ))s

p pl H B  , there exists some martingale 
*( )s

q qH B , such that 

1
( ) ( ) ( )i i

i
l f l f E d fd 





   , ( )s
p pf H B  , 

and *( )
|| || || || /2s

q qH B
l ≥ , this means that *( ( ))s

p pH B   
*( )s

q qH B . 

Theorem 2 is proved. 
Theorem 3  Let B be a reflexive Banach space, 

1 p   , 0 1 ≤ , then * ( ) *
,( ( )) ( )s s q

p qH B L B  , 
where / ( 1)q p p   and 1/ 1   . 

Proof  Firstly, by theorem 1, it has been proved 
that ( ) * *

, ( ) ( ( ))s q s
q pL B H B  . Conversely, for any 

*( ) ( ( ))s
pl H B  , since ( ) ( )s s

p p pH B H B , ( )l  is 
also a bounded linear functional on ( )s

p pH B . By 
theorem 2, * *( ( )) ( )s s

p p q qH B H B , then there exists a 
martingale *( )s

q qH B  , such that 
( ) ( ) lim ( )n nn

l f E f E f 


  , ( )s
p pf H B  . 

For any stopping time 2T  , set b    . 
Then *( )s

q qb H B . 
On the other hand, by the reflexivity of B and 

applying theorem 2, we have * * **( ( )) ( )s s
q q p pH B H B   

( )s
p pH B . Hence, for any 0  , there exists some 

( )s
p pa H B   with 

( )
|| || 1s

p pH B
a   , such that 

* *( ) ( )
|| || || || (( ) ) ( ( ))s s

q q q qH B H B
b b b E b b a E b a a  

        . 

Particularly, there exists a martingale ( )s
p pa H B  

with 
( )

|| || 2s
p pH B

a ≤ , such that *( )
|| || || ( ( ))s

q qH B
b E b a a  . 

Let  
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1 1

4 ( ) p

a ag
P









 

. 

Then ( ) ( )( ) ( ) ( )p ps g s g     . By Hölder 
inequality, we get 

1
( )

1 1( )

[ ( ( ) ( ))]|| ||
4 ( )

s
p

p

H B
p

E s a ag
P



  



 




   


 

≤ 

11
( )

1 1

[( ( ( ) )) ( ) ]

4 ( )

p p p p

p

E s a a P

P

 
 











   


 

 

1
( )1 [( ( ( ) )]

4
p p pE s a a ≤ 

( ) ( )

1 (|| || || || ) 1
4 s s

p p p pH B H B
a a ≤ . 

Therefore, we have 
|| || | ( ) | | ( ) | | ( ( )) |l l g E g E g      ≥  

1 1

1 1

1( ) ( )
4

4 ( )

p

p

a aE b P
P















    

 

 

*

1 1

( )

1| ( ( )) | ( ) || ||
4 s

q q

p
H B

E b a a P b 


      
1 1( 1)

( )
( )

1 ( ) || ( ) ||
4 q

qq
L RP s   

  
     

( ) *
, ( )

1 || ||
4 s q

qL B
 , 

where 1/ 1   . So * ( ) *
,( ( )) ( )s s q

p qH B L B  . 
Theorem 3 is proved. 
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小指标情形下两参数 B 值鞅空间 ( )s
p H B 的对偶 

叶  臣, 陈军刚, 钟才明 

（宁波大学科学技术学院 教务部, 浙江 宁波 315300） 

摘要: 通过对两参数 B 值鞅引入新型 Campanato 空间, 运用原子分解的经典技巧, 证明了在小指标

0 1 ≤ 情形下，由条件 p 均方函数定义的两参数 B 值鞅空间 ( )s
p H B 的对偶空间等价于 ( ) *

, ( )s q
qL B , 所得

结论推广了单参数 B 值鞅和两参数实值鞅的相关结论. 
关键词: 两指标 B 值鞅空间; 对偶空间; 原子分解 
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