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Dual of two-parameter B-valued martingales Hardy space

,H,(B) with small index
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Abstract: By introducing a new type of Campanato spaces for two-parameter B-valued martingale and

employing the classical technique of atomic decomposition, it is proved that the dual space of two-

parameter B-valued martingale space | H >(B) defined by conditional p-variation function for small index

0<a <1 is equivalent to Lff"g (B"). The results obtained in this work extends the corresponding known

results derived from two-parameter real-valued martingale setting and one-parameter B-valued martingale

setting to two-parameter B-valued martingale setting.
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1 Introduction

Regarding the duality theory of martingale Hardy

space  H associated with the conditional p-variation

pHa
function, in the setting of real-valued martingales, it was
proved by Herz!"! that the dual space of one-parameter
martingale Hardy space ,H(R) is BMO,(R). In
addition, under the conditions of an atomic o-algebra
sequence, Herz™ proved that the dual space of ,H. (R)
in the case of 0<a <1 is equivalent to r-ordered
squared Lipschitz space L,.(R) with r=1/a-1.
Employing the technique of atomic decomposition,
Weisz™® proved that the result is also true for an
arbitrary c-algebra sequence. Similar results of two-
parameter martingale and

two-parameter  strong

martingale Hardy space ,H)(R) were proved by

Weisz*. As for B-valued martingales setting, Yu!®
studied the dual space of the one-parameter B-valued

martingale Hardy space ,H,(B) in the case of
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0<a <1.Ma et al” investigated the dual space of the
one-parameter B-valued martingale weak Hardy space
w,H;(B) in the case of 0<a <1. But the problem
about the dual of two-parameter B-valued martingale
Hardy space ,H;(B) for 0<a<1 still remains
unresolved.

The main purpose of this paper is to characterize
the dual of two-parameter B-valued martingales Hardy
spaces ,H °(B) for 0<a<1. The results extend the
corresponding known theorems from two-parameter
real-valued martingale setting and one-parameter
B-valued martingale setting to two-parameter B-valued

martingale setting.
2 Preliminaries and notations

Let (2,F,P) be a complete probability space
and (B,]|-]]) denote a real separable Banach space with
dimB> 2. Let {F,.,neN’} be a family of non-

decreasing sub- o -algebras of F with respect to the
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partial ordering on N? such that F=o( U F,). Set

neN
F F the expectation operator is denoted by E,

ot =L st
and conditional expectation operators with respect to
F and F,_, aredenotedby E, and E .

An integrable B-valued sequence of functions
f=(f,,neN?) is said to be a martingale if it is
adaptedto {F,,ne N’} and E, f, =f, forall n<m.
We define the sequence of martingale differences

df =(df,,ne N*) as follows:

0, n,n, =0,
df,=

fn,,nz _fn,—l,n2 - fn, iy -1 + m—tm—1> T # 0.
And set
Fo=F,,=F_=F= {9,0},

f =f_1,i =fi,-1 =/ =0.

A function v which maps (2 into the set of
subspaces of N’ J{oo} is said to be a two-parameter
stopping time relative to {F,,ne N*} ifforall oeQ,
v(w) are incomparable and for any ne N>, {weQ:
nev(w)} e F, . The set of all two-parameter stopping
times will be denoted by 7,. It is easy to see that
veT, iff {v<n}eF, for all neN’. Furthermore,
{(vknieF  (neN) if veT,.

For a martingale f=(f,,neN’) and stopping
time v, the stopped martingale "' =(f",neN?) is
defined by

f=3 x(v<mydf,, neN>.

For a two-parameter B-valued martingale f=(f,,
neN?) and 1< p<owo we denote by 1, s (f)
and || f]|, its maximal function, conditional p-variation

function and L,-norm as follows:

fo=supll fill, f"=sup|l £, I,

i<n neN?
P
s =C Eldfh )",
0<i<n
sP(f)=sups,”(f),
neN?
I/ 1l,=sup [ £, 1], -
neN?

Then, for 0<a <o, we define Hardy spaces of
two-parameter B-valued martingales by
HyB) =4S S Ny = S <0}
S(BY—f - D)
VL BY=AS AL =57 D < 0}

L,(B) =4 Il f Il (3= suplE(| £, [I)]" < o0}

neN?

Similar to real-valued martingales, in the case of
a>1, ,H,(B) are Banach spaces, and in the case of
O<a<l1, ,H,(B) arequasi Banach spaces.

To characterize the duality of the spaces ,H, (B),
forany 1< p<o and a =0 we define the Campanato
spaces of two-parameter B-valued martingales by

L, .B)={Sf Iy, m <o}

L B =411 f |, <0}

with

a
||f||L (B)=SupP(V #0) ” ||f_f(V) Il (B) »
P 2 P

vel
1

-—a
1f 1l y=sup P #o) (I =), oy s
pa(B) ver? p

where we also define the BMO spaces by
BMO, (B) =4S 1 f 0,00, =
supl| E, (I £ =/, ") Il.< oo} ;

pBMO,B)Y= SIS oy )=
supl| £,[ll s (f = f) 11|l <o0}.

For any Banach space B, it is easy to prove that
L,,(B)=BMO,(B) and L, (B)=,6BMO)(B), the
results are similar to real-valued martingales.

Two normed or quasi-normed spaces X and Y
are equivalent (or X =Y and |-||,=||'|l, in symbols)
if and only if X and Y are isomorphic and their
norms or quasi-norms are equivalent, i.e. there exist
constants C,,C, >0, such that for all fe X,

Cl <l <GSy

The dual of a normed or quasi-normed space X is
denoted by X, we call Y the dual space of X if
X =Y.

In this paper, we use C for the constants which

can have different values in different places.
3 Dual space

In this section, we will describe the dual of
two-parameter Hardy

,H,(B) forsmallindex 0<a<1.

B-valued martingale space
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Definition 1

neN?) is called an atomic martingale

A two-parameter B-valued mar-
tingale a=(a

n?

of the type 4’7 (a,©0) (I<p<w, O0<a<x), if
there is a corresponding stopping time v € T, , such that

(i) a,=0,if v&n,Vn=0;

(i) |15 (@) [, < P(v #o0)".

Lemma 1®! Let 1<p< 40, 0<a<p,Bisa
Banach space. Then, for every two-parameter B-valued
martingale f=(f,,neN*)e ,H.(B), there exists a
sequence of type 4°”(a,0) atomic martingales {a'*'=
(a”,neN?)},_, with the corresponding stopping time
v, and a sequence of positive numbers {u,},., €/, ,
such that for all n eN?

k
£, =2 wmal ae.,

keZ
and
3 1/
11 = i) <
KEL

where the infimum is taken over all such decompositions
of f of the form (1). Furthermore, all of the atomic
martingales {a"“’=(a""’,neN’)},_, belong to the
space ,H_(B) too.

Lemma 2 Let B be a Banach space, 1< p <+,
O<a<l1,then ,H,(B) isdensein H,(B).

Proof For any two-parameter B-valued martingale
f=(f,,neN*)e ,H,(B), by lemma 1, there is a
sequence {a"'=(a",neN?)},_, of atomic martingales

oftype A°”(a,), such that for all neN?,
f, = Zukaik) — Z(fn(vm) _fn(vk)) ,a.c.

keZ keZ
For any natural number N, define martingale
g™=(g",neN?), such that for all neN’ and

Wy _ NV )
& = Zk:—N‘uka” .
On one hand, since s’ (fn(v")) < 2" we have

N N
s(p)(g’(/\/)) — s(p)( Z Hkaik)) — s(p)( Z fn(Vm) —
k=—N k=-N

f(Vk)) - s(p)(f(\/w) _f(Vuv)) < s(p)(f(v”*‘))+

sOLEYy <2V 427V <400,V eN”.
Then || s (g™) e, )< 2V 427V < 4o . Therefore,

gV e H,(B).

On the other hand, for any ne N?, we have f,—

N
k I+ N
g,(zN) =f - z /Jkai ) =(f, _fnm ‘))"‘fn(v ¥) and
k=-N

s = 100 =2 B (ld S -
i=l

NAV N
> E S I)=5 () =50, () (D)
i=1
Becausev,,, — +o0, a.e. as N — +w0, S0 s;(f;)(f,, _
f) 50, ae as N — +oo. From (1), we find that
SO (f, = f)e
function s’(f’)(f)a . and s(p)(f(v’”)) <2V 50 as
*)

N — 400, we conclude that the series Z:;Nuka”

can be majorized by integrable

converges to f, in ,H;(B) quasi-norm. That is to
say, the martingale sequence {g'"’},., converges to
f in H (B).

All in all, it is shown that  H, (B) is dense
in H,(B).

Lemma 2 is proved.

Theorem 1 Let B be a Banach space, 1< p<
400, O0<a <1, then ij("g(B*) c(,H, (B))", where
g=p/(p-1) and f=1/a-1.

Proof By lemma 2, ,H,(B) is dense in
,H,(B). For any two-parameter B-valued martingale
¢=(¢,,neN’)e L;(’"ﬁ)(B*), s (¢)e L,(R); and for any
two-parameter B-valued martingale f=(f,,neN’)e
JH(B), s"(f)eL,(R). Since for any i,jeN*,
dfel,(B) and dj¢eLq(B*) , then dl.f-aljgzﬁé
<d,f,d,¢> makes sense and satisfies

|E(d,f-d;9)|=| E(<d.f,d$>)I<

1S o Bl e <400

By Holder inequality, we have
|E(f, ) 1= ELQQ.d,. Q. d,$)]|=
i=1 Jj=1

[EQLd,f ) = ELY E, (@ f d i<

B (B (1S 1) (E (1 dg 1)<

EICYE, (1, f 1) (Z E, (1d¢|1)]=

E(s,” (N8, @) <" O ol 2" D)y, <

5P, ol s @ ], )< +o0, VR =1, (2)

Therefore,
functional /,() on ,H_(B) as bellow

L(ZE(f$)=limE(f,,).Yf € H (B). (3)

we can define a bounded linear
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On the other hand, for any two-parameter B-valued
martingale f=(f,,neN’*)e ,H,(B), take the same
stopping times Vv, , atomic martingales '’ and a

sequence of positive numbers u, (ke Z) as we did in

lemma 1. Then, for any n =1, we have
E(f$) =2 iE@"4,) . “4)

kez

By a similar derivation as in (2), we also have

| E(@Pg,)|= E[a® (¢, -4 )]|=] E[z da®.
S, -4 I= ELY dad, (p—4" )] <
EIYE, (1 da® )"

O E (1,6 )=

Els,” (@5, (p—¢™)] <
|52 (@®) [ SO G- ¢") e 5)
From (4) and (5), we get
B9 1< Sl 115 @) gy 56 -

kezZ

3 [ Zwk HEGP (a®Y 5(v, # Oo))]; )

_r
15964 < Dl [P, %0) -
keZ
1

P(v, =) || s (6= 4" ) |, =

11

ZL“k [-P(v, #©)]” *|| siq)(¢_¢w ) ||Lq(R)=
kezZ
11

Sl | P, £0)] ©

keZ

1
—-p
Dl Py, o) s (P =4 Ml <

kez

Sl 1116 - ©)

kezZ
Since 0<a <1, by (3) and (6), we have
LD P< Dl " -1l ¢ -

keZ

y
-] s;q)(gb —-¢™) ||Lq(R)=

In other words,

LS ol 118

kezZ
That is,
| L, () < infCY e )" 1| ¢ st 5 <

keZ

CUN iy 19 gy

which demonstrates that the bounded linear functional
l;() can be extended from ,H,(B) onto ,H;(B)
keeping its norm. This implies that ijf‘,’; (B c
(,H:(B)) .

Theorem 1 is proved.

Now, to show that each bounded linear functional
I() in (,H, (B))" comes from some ¢ e L;("g (B")
as [,(") defined as in theorem 1, a type of mixed spaces
must be introduced.

Let L, (l; (B)) denote the spaces of all 6=
6,.6,,---), where 6,(i=1,2,3,---) are two-parameter
B-valued random variables such that each 6 <L, (l; (B))

satisfies
o0
101, o 2 B 16, 17" gy <420
i=l

Let us repeat the usual space L,(/,(B)) in Ref.
[9], which is the class of all sequences 6 =(6,,6,, )
such that each 0 €L, (/,(B)) satisfies

o0
1611, ¢, =1 QN6 1) 1L, gy < +o0-
i=l1

Certainly, there exist differences
L,(,(B)) and the

L,(l,(B)) . Nevertheless, as a special case, when

significant
between the space space
a=p, the space L, (l;(B)) is just the usual space
L,(I,(B)). If B is a reflexive Banach space, then the
dual space of L,(,(B) is L (B")) , where
1/ p+1/g=1. So, similar with lemma 4 in Ref. [9], we
can get the following lemma immediately.

Lemma 3 Let B be a reflexive Banach space,
1< p<+4ow. Then, for any bounded linear functional
I() on Lp(ip(B)), there exists some & e L (1, (B"))
such that 1(0)=Y E(6) . VoL (B) with
1€, g oy <IN

Lemma 4 Let B be a reflexive Banach space,
I<p<+o, E=(&,&, &, )eL (I (B) . Define

the two-parameter martingale @ = (¢ ,ne N*) by

co0=o,co,,=2[E,»(§,»)—E,-_l(§,-)],Vn>1. 7

s
Then wepHp(B) and ||(D||I7H;(B)<||§||L/,(1~/,(B)).

Proof

two-parameter B-valued martingale. From (7), for any

It is obvious that ¢ =(p ,neN’) is a

n?



523

YE Chen, et al: Dual of two-parameter B-valued martingales Hardy space ,#,(B) with small index 111

i=1, weget
Ildoll’ =l E(5)-E_ D",
and
E (lde|")<2""E [IEE)I"+
IEEDIPI<2"E_ (&)

Therefore

@) =[XE(ldg ) <

7 E (14 1) = AT B 1)

Hence,

—|| «P)
o ||pH;(B)—|| s7(p) ||Lp(R)<

o0 l
1LY E (1 1Y =21 €D g
i=1

which gives the desired result.

Lemma 4 is proved.

Theorem 2 Let B be a reflexive Banach space,
l<p<+w , then (,H)(B) ~ H)(B") , where
1/ p+l/g=1.

Proof Forany ¢e H;(B),we define

L2 ImE(S,-9,),f € ,H}(B).

By Holder inequality, we have

EC, 0 = EL 4, d =

[EQLd,f ) = ELYE, (@ f d ]I

E[Z(E U SN - (E(ldg 1) 1<

B E, (14,1 1) (S, (146 1)1=
EGY (NS @O) <5 -

15 @) or <A iy 191,

This shows that  H(B") < (,H(B)) .

Next, we prove (,H’(B)) < H;(B'). At first,
employing lemma 4, we can consider L, (INP (B)) as a
subspace of | H,(B), which consists of 0=df =
(d,f,d,f,+) for all martingale f=(f,,neN’)e

,H,(B), and we have || 1| <20 Now,

o Hy (B) L, B)"

for any I()e(,H, (B))", I(-)is also a bounded linear
functional on L,(/,(B)) . By lemma 3, there exists

some & =(&,&,,-)eL, (I (B)), such that
1()=1(0)= Y E&0) =BT éd, /).

Vfe ,H,(B), ®)
and it satisfies that
1€, ¢y <11

Apply lemma 4 again and replacing B by B,
set @=(p,,neN’) with ¢, =0, ¢, =2 [E(&)-

i=1
E_(&)], Vn=>1.Then ¢ isamartingalein  H;(B")
and
101 iy <2 E M, oy - 9)
Combining (8) and (9), in other word, for any
I()e(,H, (B))" , there exists some martingale
pe H(B"), such that

1) =1, =EQd fde). Nfe H(B),

and ||/|=] ¢l /2, this means that (,H(B))"

JH3 (B
JH(B).

Theorem 2 is proved.

Theorem 3 Let B be a reflexive Banach space,
I<p<+w, 0<a<l, then (,H,(B)) ~L%(B"),
where g=p/(p-1) and f=1/a-1.

Proof Firstly, by theorem 1, it has been proved
that L;(’Z) (B)c (,H, (B))" . Conversely, for any
I()e(,H,(B) , since H)(B)c ,H,(B), () is
also a bounded linear functional on ,H,(B). By
theorem 2, (,H(B)) ~ H;(B"), then there exists a
martingale ¢ e H;(B"), such that

()= E(/$) 2 imE(f,4,),9f € ,H}(B).

For any stopping time veT?, set b=¢—¢" .

Then be qH;(B*) .
On the other hand, by the reflexivity of B and
applying theorem 2, we have (, H.(B")) ~ ,H)(B")~

,H,(B) . Hence, for any &>0, there exists some

a,€ H,(B) with |la,| <l+& , such that

JH(B)

121l =[lb=b"| = E((b=b")a,) = E(b(a, —a;)) -

JH (B JH(B")

Particularly, there exists a martingale ae ,H,(B)
with | a|| <2, such that || b]| =|E(b(a—a")).

Let

JH3(B) JH (B
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