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Exact analytical propagators for anisotropic quantum dots under
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Abstract: In quantum mechanics, there are very few systems whose propagators can be obtained exactly,

especially in the case of taking spin-orbital coupling (SOC) effects into account. Using the group theoretical

method in phase space, we start with deriving exact analytical expressions for the propagators of anisotropic

quantum dots with atomic spin-orbital coupling (ASOC). As an example of application, the evolution of

spin-dependent Gaussian wave packets is calculated using the propagator, along with which the

corresponding probability densities, the effects of ASOC and magnetic field on the expectations of the

distances are also investigated.
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1 Introduction

In the past decades, due to the progress in
semiconductor technology, electronic systems such as

[1-5] [6-8]

quantum dots" ~’, antidots” ™, well wires”, and quantum

rings!'”!

under perpendicular magnetic fields have
revealed many interesting physical phenomena and
attracted much research interest. In particular, two-
dimensional electron gas (2DEG) in quantum dots (QDs)
under perpendicular magnetic fields have drawn a great
deal of experimental and theoretical attention because
all their parameters such as size, number of electrons,
strength and shape of the confining potential, the
coupling between dots, as well as external parameters
such as temperature and magnetic electric fields can be
varied in a controlled way. Confinement in electrostatic
QDs is usually achieved by laterally restraining a 2D

electron gas by an artificial potential. As a first
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approximation, those artificial potentials are often
described by parabolic potentials. In the simpler case
when the QDs are isotropic, namely the confinement has
circular symmetry with o =, , ie., the same
confining frequencies in the x and y directions, the full
rotation symmetry of a circular dot leads to the most
prominent shell structure and well-defined physical

Bl Under perpendicular magnetic fields, the

pictures
isotropic QDs can be described by the well known exact
solvable Fock-Darwin (FD) model'''%), which has wide
applications in the studies of quantum Hall effects!"*"'*!,
However, because the presence of asymmetry in
the confining potential is experimentally more realistic,
there exist lots of works on the anisotropic QDs with the
broken rotational symmetry, thereby altered electronic
and dynamical properties™ *". In order to study the
magnetic properties of such QDs, the FD model has also

been generalized to the elliptical parabolic potential case
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and been solved exactly”!). Consequently, various physical
properties, such as the quantization of the conductance'™!
and the electronic properties, can be studied®!.
Moreover, this model also can be used to study rotating
droplets of electrons trapped in quasi-two-dimensional
quantum dots and rotating Bose-Einstein condensates'>.
On the other hand, the SOC which couples the
internal and orbital degrees of freedom was originally
discovered in the fine structure of atomic spectra
(henceforth referred to as ASOC), and later introduced

to explain the nuclear structure. The form of ASOC is
given in the form of Hg, =4_%6 [pxVV], with ¥
m°c

being the confining potential and 6 =(o,,0,.0.),
where the vector of Pauli spin matrices can be derived
from the non-relativistic approximation to the Dirac
equation. Usually in semiconductors, in addition to the
ASOC arising from the confining potential, there exist
two other SOC mechanisms. The first one is Rashba
SOC*#"] which is the signature of structure inversion
asymmetry present in 2D materials. This SOC exists
intrinsically and is responsible for the quantum
spin-Hall-effect”®*, The second one is Dresselhaus
SOCPY which originates in bulk inversion asymmetry.
By employing the above SOC mechanisms, the spin
degree of freedom of the electron is exploited to
improve the functionality of electronic devices. This
active field of research is now known as spintronics!®).
Hence, it will be interesting to understand the spin-
dependent evolution of wave packets for electrons
confined in quantum dots under a perpendicular magnetic
field with ASOC. In order to get a better handle on the
evolution of the corresponding physical systems, the

propagator method!*'>*

is regarded as a powerful tool
and shall be a good choice. It is well known in quantum
mechanics that the propagator as a Green’s function of
the Schrodinger equation contains all the information
about the system and plays a central role in Feynman’s
path integral approach®'?? to solve non-relativistic
quantum mechanical problems. However, due to the

difficulty of obtaining the analytical expressions for the

propagators, to our knowledge there are very few such
investigations and are solely limited to the isotropic
cases”. To study the more interesting anisotropic case
with broken rotational symmetry, in the present work we
derive analytical expressions for the propagator of such
systems using the group theoretical method on phase
spaceP®¥, then the effects of the ASOC and magnetic
field on the evolution of the spin-dependent wave
packets and the expectations of distances for spin-up
and down components are investigated as an example of

application.
2 The Hamiltonian

Consider a 2D system of an electron of charge ¢ =
—e, >0 and effective mass m" confined in an anisotropic
QD, under a perpendicular constant magnetic field B

along the z-direction. Then the Hamiltonian takes the

form,
[:I=I:IO+I:ISO+gyBGZ/2, (1)
where
2
A 1 . e
H,= *(p+—AJ +V(x,¥) (2)
2m c

is the Hamiltonian for the electron in the anisotropic QD
with  V(x,y)=m (0;x* +®,y*)/2 being the lateral

confining potential, and

A - .. e
Hyy =——56 [(p+—A)xVV] 3)
4dm “c c

is the spin-orbital interaction, the last term on the r. h. s

of Eq. (1) is the Zeeman coupling. Working in the
symmetric gauge A = B(-y,x)/2, and noticing that the
system is 2D, then the Hamiltonian of Eq. (2) can be

recast into the following form,
A 1 A2 A2 m ~2 2 | ~2 2
H=—=(p. + +—(o x" +w +
. (p; +P;) 3 (&; o)
A .1
Lopy, =\ yp+5 8Hy0., 4)

where the coefficients are matrices,
2

10)

~2 2 . 2 _ 2 d

o, =0 +—+Too.,I =To, +—2 ) )
N 1)

~2 2 e 2 _ 2 .

o, =0, + 4 tloo,,I', =To, +—2, (6)
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. h e
with I'=——0., o ,=—
4dm ¢ mc

being the cyclotron

frequency. Since o, is diagonal, alternatively the
Hamiltonian can be rewritten into a diagonal matrix

form as

- [H, 0
H = s (7)
0 H,

where I—AIT’ , are obtained by setting the values of o_in
the coefficients of Eq. (5) and (6) to be £1, namely
I—AIN |, - In the following calculations, one should
treat o_as a number whose value is 1 for I—AIT, or —1
for H , - This Hamiltonian is an asymmetric generalization
of the one used by Bernevig et al® to study the
quantum spin Hall effect for strained materials with

symmetric quantum well parabolic confinement.

3 Calculations of the exact analytical
propagator

In this section we calculate the exact analytical
propagator by using the group theoretical method on
phase space developed in Ref. [34], where the
representation of the Lie group Sp(2N,R)® N(N) on
the phase space associated with standard ordering was
considered and the calculation of the quantum
mechanical propagator for a general N-dimensional
system with Hamiltonian quadratic in the position and
momentum variables may be reduced to the calculation
of the propagator for a “free particle”. We refer the
readers to Ref. [34] for more details. The key step of this
method is to solve the equations of motion (EOM). To
do so, we first ignore the Zeeman coupling term in Eq.
(4) since it is merely a constant and will not affect the
dynamics. Denoting the 2D position vector r = (x, )",
p=(p,, py)T, where T stands for transpose, the EOM

can be written as,

0 -I
& -, ®)
d \I', 0 m
dp @2 0 0 -I,
—_— = * + N 9
a " (o o) \r, o )P ©

or in matrix form as

d(r r
)40

where the matrix

0 = 1 (11)

|
S*
&
x O (=)
(=)
|
ﬁ

0 -m cb)2 r 0

)
whose eigenvalues are *id, with

1|, ., - .z o~
A, =—{(wj +a)f_ +2]“XI“y)J_r((coX2 —a)yz_)2 +

G
1
12
AL T (@] + @) +4T )6, +41@, )2 | .(12)
The EOM of Eq. (10) is hard to solve directly.
However, note that *id, are the eigenvalues of the
matrix A , hence its solution must be a linear

combination of e**

, or sinA.t and cosA.. Thus

the solution to Eq. (10) can be written as
r=c¢sinAdt+c,sind t+c,cosAt+c,cosit,
p=d sinAt+d,sinAd t+d,cosAt+d,cosit,

(13)

where the coefficients ¢, and d;, (i=1,2,3,4) can be

obtained after some algebraic manipulations as

AT
) A
¢ = - ) ! * rn+
D(7) AT,
x 2 ~2
ry_wy
2{2
—— +1 0
I —COX po
2{_2 * b
0 s +1
y y
AT,
A 0 R +1,
- * * 7 -
> D@) AT, 0 0
—x 2 ~2
Fy %
2{2
—— +1 0
I'; - o, Do
2{2 * b
0 |
r*-&
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1 |(&@}-A+T. T 0
€ =—" ' ~2 2 I+
D(1) 0 @ -2’ +T.T,

0 1 p
(—1 OJ(FX+Fy)m } (14)
and
2{2&*)2
2{ x r2 2 0
dl - ! 7 m*ro +
D(1) n A@
0 o, + 7o
0 /ﬁry r |
2 ~2 T x
ry %
AT P
_Fz_— —+ T, 0
2{2 ~2
@’ — 0
A I' —w .
d,=— ! mr,—
D(z) o AD]
0 o, + TR
. z
0 AT, -
2 ~2 x
ry -,
AT i
_F;—CXLN)Z +ry 0
0 -re!-r.a) .
d3:—1 H - - o xw}}m Ty +
D)\ I,&; + T ,0, 0
(—/12 +@ +T,T, 0 j }
2| ~2 Po |
0 A +o, +I. T,
0 ro’+T .o .
d4 1 |:( ~2 ~2 e ' yjm ”E) +
D) |\ -T" &, - T & 0
Al-o)-TI. 0
ey ,(15
( 0 lf—cbj—]“xl“yjpo} (1)
with D(¢) = A’ —A”. Substitution of Eq. (14)—(15) into
(13) yields
r=Ap,-Ar, p=Mp,—M,r, (16)

where the matrix elements for A, A, are
1 A sinA (T -@; +4)
(22 =27 r-&

(Al i =

lsinlt(l"z—a~)2+/1+z)}

1—v2 ~2
(I, +I )cosAt—cosAt)
(A1 )12 :_(A])Z] = i)’;’l*(lf —ﬂf) ,
1 A, sinA (I =@ +A%)
(A)y =— 3 2 T -
m (A, —A2) r;
A_sinAt(I'} - & ~2+,1+)}
r-o:
(A,)), =m[(@f ~ A2+ T ))cosAt—

(@} -A2+I. I )coslﬁt},

A [ ASin AT T (] 67)2)]
(AZ)IZ _(ﬂf—i_z)|: 1—2 ~2

A_sin A f(-A2T, +T (I} —cbf)]

1—2 &> >

o [A sin/u[r (I} =@} - AT, 1.
(A2)21 _(lf—lz)|: Fz ~2

A_sin AT, ~ T (I} —cbj)]

1—2 &> >

(A,),, = (/12 )[( ~ A2+ T)cosAt—

(@] -2} +FXFy)cos/LtJ, (17)

the matrix elements for M, and M, are

(M), = [(653 22+ ,T)cosA,t—

AP=A2
(@} A2 +FXFy)cos/LtJ,

1 | ASinAAAT, - (I} —@)]
(M), = 2 2 s Y yoo_
A2 =N -’
A_sinA (AT, -T (I'} —a)y)]}
2 _ ~2 s
r )’
1 | A sin Al (I} =@})- AT, ]
(M1)21 =ﬂf—l_2|: F2 Py +
A_sinAMAT, T (I} —caj)]
I—~2 ~2 s
(MI)22 lzl |:(CU —12+FF)COS/ALI—
(@) =24 +FXFy)cosl,t], (18)
—m’ | =2, sinA (I} —&))d; + A0 ]
( 2 = l lz ]"2 ~j +
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I—v2 ~2

*

m

Al - lz

[(I“chy2 + I @} )(cos A1 —cos lﬁt)},
it [=A,sin A (I - @)

AL-A2 r:-o

x x

A_sin A& (I @)+ A 2]}
(M2)12=

-M,)y =57

+ 2207 ]
+

(M,),, =

(19)

A_sinA @I —@))+ A} ]
I—vz ~2 :

Since r and p must obey the same commutative
relationships as those of 7, and p,, it should be
mentioned that the 2x2 matrices A,,A,,M,, M, must
satisfy the following identities,

A, = A A

MM, =M,M/, (20)

AM] +AM =-1.

These identities shall be useful later on.

Having obtained the solutions for EOM, we can
obtain the propagator directly by the group theoretical

method on phase space®”,

. .
K(x,,t;x,,0) = [det(_Az)]ii exp {%thMzAzlxb}X

1
KF(—EA;AI;—A;‘xb,t;xU,Oj, (1)
where the second term on the r. h. s of above equation is
defined as

1
K, (AQ@);x,5;x,,0) = ﬁ[clet%l(f)]‘E x

exp {#[(x —x,) A@) " (x - xu)]}. (22)

iguzo.t
Recovering the contribution e 27

from the
Zeeman coupling term, the propagator finally can be

recast into the following form,

K(x..t:x .0)= Ky (%,,6%,,0) 0 =
(xb’ Dxa’ )_ 0 K¢(xb,l‘§x,,so) -

exp| 15l (M4 -4 ) T -
2mif(det A,)"

exp {—%h[xj (A'A)x, +2xA'x, ]} . (23)

iguyo.t
2%

It can be readily verified that the propagator of Eq.

(23) can reduce to various special cases in the literature.
For instances, in the isotropic case namely when

o =0, —a)o, denoting I', =T, =I'y=Tw, +o,/2,

@; =@ =@, =w, +o; | 4+ Tw,w; , then we have
A= M, _ sin @t eI
! (m' @,) m' @, ’ (24)

A, =M, =cos@,t-e’",
0 1 o .
where J = Lol Substitution of Eq. (24) into (23)

yields the propagator for the isotropic case,

—B(@)
T

K(x,,t;x,,0) = exp{B()[(x; +x)cos @yt —

2(x,x, +y,y,)cos L ot —
2(x,y, —x,»,)sinl t]}, (25)
with B()=—""P0_
2hsin @yt

. It is evident that in the absence

of the external magnetic field, then the above propagator
reduces to that studied in Ref. [33]. If one further neglects
the effect of the ASOC, the propagator can further

reduce to that of an isotropic 2D harmonic oscillator™*.

4 The ASOC effects on the evolution
of spin-dependent wave packets

As an example of application, next let us consider
the evolution of a 2D Gaussian wave packet that has the

following form initially at 1=0,
1 r
¥, (r,0)=——-exp| — [(x D +ENY), (26
o(r,0) Tnd p[ Zdzj()H) S, (26)

where [1)and ) are up and down spin states in the z-

direction with constant coefficients y,& chosen to satisfy

2P +1EP=1.

approach, we can calculate the wave packet at time  as,
W (1,,0) = [ K(n,. ;1,00 (r, )dr, =

j K, (x,,t;x,,0) 0
0 K, (x,,t;x,,0)

Applying the Feynman path-integral

}UO (r,)dr,.

27)
Inserting the expression for the propagator into
above equation, and performing the integral we obtain

(e = NG 1
r
VW0 ) 2inrd Jdet A, JdetA
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g a Ty-1 and the spatial density is
exp{Zhr |:M2A2 —(44,) :|r} e
. . 5 2 X 267 (1)
1 DY A (B+O) prD =, (33)
2d 20 \2d 2n) 168 no” (1)
(F 2 where i=T,!,and
hj sin’ @t + (m'@, )* cos® @yt
eXpy oy o, (t)=\/ e - (34)
gl L 2 2m' @,
2d  2h . .. . . .
This density is always a Gaussian distribution with
a spin-dependent width o, ().
expd — ! x From Eq. (28) it is evident that due to the effect of
1 iAY 1 iD) (B+C) o
4| —+= || —+— |+ ASOC, the wave packet splits into two components, one
2d 2n)\2d 2n) 16K . . . , . .
is for spin-up and one is for spin-down, with their
201 DY EF(BaC evolutions being governed by I—AIT and H | respectively. In
E i i +
(;j (§+Ej —;T)— other words, the evolution of the wave packet becomes
spin-dependent. In order to see the differences between
the evolution of the probability densities for spin-up and
(B+C)> FY | (x spin-down wave packets, we present the 3D graphs for
i , 28 .
16h2(1+iDj(hj (/IJ 28) py(r,t) =¥, (r,0)[ and p (r,0)=|¥ (r,0)[ at time
2d  2h t=5.0s and o, =2w, in Fig. 1. Set o, =w,cosf,
where E, F are functions of (x,y), i.c., o, =aw;sinff with f=mn/4 for isotropic case and
E(x.y)= (A),x—(A),y B =mn/6 for an anisotropic case. The atomic units are
det(A,) (29) employed, namely i=m =@, =1, and d =1 in the
F(x,y) = (A)px+(A)y initial wave packet. The spatial components for the
det(4,) initial wave packets are the same for spin-up and down
and A,B,C,D are the elements of the matrix A'A,, components as described in Eq. (26). For comparison,
A'A, = {? gj (30) we also give the plots at the same values of time for the
Sin Gt isotropic cases in the same figure. From the graphs, it is
. . . _ A
Note that in the isotropic case, detA, = ma clear that the heights and widths of the probability
* ~ 0
B=C=0, A=D=-m d,cotd,and densities for the spin-up ¥,(r,f) and spin-down
E(x,y)= m Cfo (xcos Iyt +ysin I,t), ¥, (r,t) wave packets evolve quite differently. The
s1n*coot height of the probability densities increases faster in the
F(x,y)= m ajo (ycosI'yt—xsinl t). (31) anisotropic cases than those in the isotropic cases for the
sIn @,
0 spin-up cases, while it is even faster in the spin-down
Thus, Eq. (28) reduces t(j 3 cases. But the area of the corresponding cross-sections
m’ @, exp {W}*z} becomes smaller since the volumes of the probability
¥(r,t)= T ¥ densities are fixed to unit. Moreover, it should be
2in'nd sin @yt (Zd +2hj pointed out that the cylinder symmetry is remained all
FY (EV the time in the isotropic cases as reflected in Eq. (33),
(hj +(hj p 32) while it is broken in the anisotropic cases. In the latter
al A) cases, though initially at /=0 the wave packets have

{9
2d 2h

cylinder symmetry, this symmetry is lost soon after >0.
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It should also be noted that the probability density for
spin-up and down wave packets behave quite differently
as one can see from Fig. 1. This is not out of expectation,
since ¥,(r,t) and ¥ (r,t) evolve according to

Hamiltonian I—AIT and H , of Eq. (7), respectively.

(a) spin-up,
isotropic
case

(b) spin-up,
anisotropic
case

(c) spin-down,
isotropic

(d) spin-down,
anisotropic

Fig. 1 The probability densities for the QD with |/]=0.25

Basically, with the expression of the wave
functions Eq. (28) at hand, one is able to calculate
various expectation values of the observables in
quantum mechanics. To get a quantitative understanding,
next we proceed to investigate the spin-dependent
expectation of the distance 7,(¢) and 7 (¢), which are

defined for spin-up and -down component, ie. i=T

and |, as
r(0) = [ (r,0r (r,0dr = [ p,(r,0)rdr.— (35)
In the isotropic cases, the substitution of Eq. (33)

into (35) yields the following analytical expression,
10 =50, (36)

Together with Eq. (34), it is obvious that in the
isotropic cases 1 (f) and 7 (¢) are periodic functions
of time, this is also clearly reflected in the left two
panels of Fig. 2 below.

To see the ASOC effect on the expectations of the
distance, in Fig. 2 we plot 7(1) and 7/ () of the
quantum dot at fixed value of the strength of the
magnetic field o, =0.50, and three different values of
the ASOC |I"|=0, 0.25, 0.5. For the spin-up case, the
period and the average of the expectations decrease as
the strength of the ASOC |I"| increases, while the
period and the average of the expectations increase as
the strength of the ASOC |I|

spin-down case.

increases for the
However, the amplitude of the
expectations always increases as | [ | increases in both
cases. In contrast to the right two panels of Fig. 2, the
periodicity of the expectation is broken and the motion
becomes quasi-periodic in the anisotropic case. But the
average of the expectations has similar behaviors to the
isotropic cases as the strength |/ | varies. In other
words, the average of the expectations decreases for the
spin-up case but increases for the spin-down case when
the strength of the ASOC |I"| increases.

In order to study the effects of the magnetic field,
in Fig. 3 we plot the 7,(¢) and r (z) for the quantum
dot at fixed strength of the ASOC |I" |=0.25 but at
three different values of the strength of the magnetic
field. It is evident that in the isotropic case, r () and
7, (t) are constant in the absence of the magnetic field
(this is because when o, =0, @,=w, =1, and note that
in the plots we choose m" =1, m'@, =1, and o,(t) =
1/\/5). As one switches on the magnetic field, they
become periodic functions of time. As the strength of
the magnetic field increases, the period decreases. When

|I"|=0.25 as we choose in Fig. 3, (i) in the spin-up
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E v
< *-_
080 F % i L
0.76 1 1 L 1 L 1 L |
0 2 4 6 8 10
t/s
(a) spin-up, isotropic case
[ —|IN=0 ---|I=0.25 -----|I=0.5
0.98
094 ¢ S
E
iy
0.90 |-/
0.86
(c) spin-down, isotropic case
Fig. 2
— 00 ---0=050, ---0 20,
09 ¢ i - _
SN T AT R
N N <o N2 ~
£ 0.8
<
0.7
0.6
0.5 1 1 L 1 L 1 L |
0 2 4 6 8 10
t/s
(a) spin-up, isotropic case
—o0=0 ---0=050, ---0=20,
E .
08
0.7 ) 1 1 L 1 ~ L 1 .I |
0 2 4 6 8 10
t/s

(c) spin-down, isotropic case

Fig. 3

~ 2 2 2 ~ .
case a)o—\/a)0+coC /4+|T |o,w, , @, increases
monotonically as @, increases from 0 to 2wm,, this
leads the average of r7,(¢) decreases when o,

increases as shown in Fig. 3(a), (ii) in the spin-down

2
~ [0
wa T w0 =

it is obvious that @, decreases as @, increases from

Cc

2021
[ —|IN=0 ---|I=0.25 -----|I=0.5
E
g
0.8 1 1 L 1 L 1 L |
0 2 4 6 8 10
t/s
(b) spin-up, anisotropic case
[ —|IN=0 ---|I=0.25 -----|I=0.5
E
iy

(d) spin-down, anisotropic case

7 (2) and r(t) of the quantum dot at fixed strength of the magnetic field » =0.5

105 b — 00 ---0=050, ---0 20,

0.55 i 1 1 L 1 L 1 ;, |
0 2 4 6 8 10
t/s
(b) spin-up, anisotropic case

—o0~0 ---0=050, -

(d) spin-down, anisotropic case

r(t) and y (r) for the quantum dot at fixed strength of the ASOC |I'|=0.25

0 to 1/2, then increases monotonically as @, increases
from 1/2 to co. This behavior of @, leads to the fact
that the average of r (f) at @, =0 is less than that at
o, =0, but greater than that at @, = 2@, as shown in
Fig. 3(c). In the anisotropic cases, as shown in the right
two panels of Fig. 3, similar behaviors of the averages

of the expectations are observed except that the
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expectations become quasi-periodic instead of periodic.

5 Conclusions

By employing the group theoretical method, we
have obtained analytical expressions for the propagators
of anisotropic quantum dots with atomic SOC, then as
an example of application, the propagator is applied to
calculate the evolution of spin-dependent Gaussian wave
packets. Consequently, the corresponding probability
densities, expectations of the distances are investigated
for the anisotropic and isotropic cases. The wave packet
splits into two components, one for spin-up and the
other for spin-down, and they evolve differently. It is
shown that in the isotropic cases, a Gaussian wave
packet is always a Gaussian and the cylinder symmetry
of the probability densities is kept all the time, and the
expectations of the distances are periodic functions of
time. While in the anisotropic case, this symmetry of the
probability densities is broken and the expectations of
the distances become quasi-periodic functions of time.
Nevertheless, the strength of the ASOC and the
magnetic field in the anisotropic case have similar
effects on the averages of the expectations of the
distances to those in the isotropic case. But their effects
on spin-up component are quite different from those on
spin-down one. It must be stressed that this group-
theoretical method relies on the solutions to the quite
complicated equation of motion of the system, and this
may not be achieved for other forms of SOC like
Rashba SOC or Dresselhaus SOC. Finally, it is worthy
to mention that the propagator we obtained may also be
applied to study the evolution of spin-dependent atomic
wave packets in a harmonic magnetic trapping potential

in the area of Bose-Einstein condensates*®*").
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